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Abstract 

We study the modified and boundedly modified mixed Tsirelson spaces TM[(J~k n i $m)n=i] 
and Tm(s) [(•?"*;„ , 0n)??=i] respectively, defined by a subsequence {Tk n ) of the sequence of Schreier 
families (T n \ These are reflexive asymptotic l\ spaces with an unconditional basis (ei)i having 
the property that every sequence {xi}f= ± of normalized disjointly supported vectors contained 
in {ei)°^ n is equivalent to the basis of I™. We show that if \\m9]J n = 1 then the space 
r[(J r „,6»„)^ c = i] and its modified variations Tu[(JF n , On)n=l] or T M{a) {(Fn, #n)5E=i] are totally 
incomparable by proving that Co is finitely disjointly representable in every block subspace 
of T[(J r n ,8 n )'^L 1 ]. Next, we present an example of a boundedly modified mixed Tsirelson 
space Xm(1),u — TM(i)[(-7"fc„,#n)^i] which is arbitrarily distortable. Finally, we construct a 
variation of the space Xm(i),u which is hereditarily indecomposable. 



Introduction 

Given a sequence (Mk)^i of compact families of finite subsets of N and a sequence of 
reals converging to zero, the mixed Tsirelson space T[(Mk, #fc)fc=i] i s defined as follows. 

T[(Mk, #fc)fcLi] is the completion of the linear space coo of the sequences which are eventually 
zero under the norm || • || defined by the following implicit formula: For x £ coo, 

n 

(1) ||a;|| = max {Halloo, sup fe sup{^ : n G N, (J5j)" =1 is M k - admissible}}. 

k i=i 

Here, for E C N, \\Ex\\ is the restriction of the vector x on the set E and, for a family M. of subsets 
of N, an M- admissible sequence is a sequence (Ei)f =1 of successive subsets of N such that the 
set {minimi, . . . ,mini? n } belongs to M. Mixed Tsirelson spaces were introduced in [3]. However, 
this class includes the previously constructed Schlumprecht's space ([16]) which initiated a series 
of results answering fundamental and long standing problems of the theory of Banach spaces. The 
remarkable nonlinear transfer by Odell and Schlumprecht ([13]) of the biorthogonal asymptotic sets 
from Schlumprecht's space to £ p , 1 < p < oo, which settled the distortion problem, indicates the 
impact of the new spaces on the understanding of the classical Banach spaces. On the other hand, 
these new norms led to the discovery of the class of hereditarily indecomposable (H.I.) spaces ([9]), 
that is, spaces with the property that no subspace can be written as a topological direct sum of 
two infinite dimensional closed subspaces. As it was proved by Gowers ([8]), the H.I. property is 
a consequence of the absence of unconditionality in the sense that every Banach space which does 
not contain any unconditional basic sequence has an H.I. subspace. Gowers and Maurey ([9]) have 
proved that the H.I. spaces have small spaces of operators; it is a fundamental open problem whether 
there exists such a space with the property that every bounded linear operator T : X — > X is of the 
form T = XI + K where K is a compact operator. On the other hand, a recent result of Argyros and 



Felouzis ([4]) shows that a large class of Banach spaces that includes £ p , 1 < p < oo, are quotients 
of H.I. spaces. 

In the present paper we study variations of mixed Tsirelson spaces which we call modified mixed 
Tsirelson spaces. Given a family M. of finite subsets of N, a sequence (Ei)f =1 of subsets of N is 
called M-allowable if the sets Ei are disjoint and the set {minimi, . . . , min.E„} belongs to M. The 
modified mixed Tsirelson space Xm corresponding to the mixed Tsirelson space X = T[(Mk, 9k)kLi] 
is the Banach space whose norm |j • || satisfies the implicit equation 

n 

(2) ||a;|| = max{||a;|| 00 ,sup6' fe sup{^ \\E iX \\ :neN, (£j)"=i is M k - allowable}}. 

k i=i 

We also consider boundedly modified mixed Tsirelson spaces that lie between X and Xm- Such a 
space is denoted by X M ( S ), for some s <G N, and its norm is given by an implicit formula analogous 
to (1) or (2) where the inner "sup" is taken over all .Mfc-allowable families for 1 < k < s and 
over all A^fe-admissible families for k > s + 1. It is clear that the modified and boundedly modified 
mixed Tsirelson spaces which are defined by a subsequence Mk = T nh of the sequence of Schreier 
families (J- n ) n have the property that, for every n, every normalized sequence i of n disjointly 

supported vectors with supports contained in [n, oo) is ^-equivalent to the basis of £™. 

The modified Tsirelson space Tm was introduced by W.B. Johnson ([10]) shortly after Tsirelson's 
discovery ([19]). Later, P. Casazza and E. Odell ([6]) proved that the modified Tsirelson space is 
isomorphic to the original one. The use of the modified version of the norm in the 2-convexification 
of T is crucial for the proof of the fact that it is a weak Hilbert space. The relation between modified 
mixed Tsirelson norms and the corresponding mixed Tsirelson norms is in general quite different 
from the one between T and Tm- To explain the situation we restrict our attention to the two main 
examples of mixed Tsirelson norms: 

The first is Schlumprecht's space S ([16]) defined by Mk = A = {4 C N : #A < k}, and 
9k = i og (Vn) ■ The second is the space X introduced by Argyros and Deliyanni in [3], defined by 
a certain subsequence {F nk )k€ti of the sequence of Schreier families (J- n ) ne N and an appropriate 
sequence (9k)keN- It is known that c is finitely representable in every infinite dimensional subspace 
of S and we show here that the same holds true for X. From this we easily see that the modified 
versions Sm, Xm are totally incomparable to S and X respectively. Schlumprecht observed further 
that although his space S is reflexive, the space Sm contains l\ ([17]). On the other hand, as we 
show here, the space Xm remains reflexive and contains no £ p . This is the first property where we 
do not have an analogy between S and X. The result is somehow unexpected since Xm, being an 
asymptotic l\ space, has richer £\ structure than Sm- These results raise naturally certain questions 
related to the structure of Sm and Xm- For example, it is not known if Sm is ^-saturated or if 
Xm is arbitrarily distortable. 

The results mentioned above are presented in Section 1. More precisely, we prove that if 
lim#y™ = 1, then c is finitely representable in every infinite dimensional subspace of the space 
T[(.F n , n )^ =1 ]. Next, for an arbitrary null sequence (#„)„, we show that the modified mixed Tsirelson 
space TmH^Fu, 0n)£Li] is reflexive. As a consequence we get that the 2-convexifications of such spaces 
yield weak Hilbert spaces not containing £ 2 and totally incomparable to T^ 2 \ 

In Section 2 we consider a boundedly modified mixed Tsirelson space of the form Xm(i), u = 
^M(i)[(^,^«)r=il f° r a suitable choice of (Tk n ) and (8 n ). We show that this space is arbitrarily 
distortable. This result is related to the question: Does there exist a distortable Banach space of 
bounded distortion? By [12], [11] and [18], such a space must contain an asymptotic £ p subspace with 
an unconditional basis which contains £™'s uniformly; so the search turns to asymptotic £\ spaces 
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with an unconditional basis. By [3] (also [2]), the class of spaces T[(F n , 9 n ) n ] provides examples 
of such spaces which are arbitrarily distortable. However, it is not known whether the original 
representative of this class, Tsirelson's space T , is arbitrarily distortable, or whether it contains an 
arbitrarily distortable subspace. The space -X"m(i),m constructed here is closer to T than T[(.F n , 9 n ) n ], 
in the sense that it has more homogeneous l\ structure. 

In Section 3 we construct a space X based on Xm(i).u which is hereditarily indecomposable. 
The basic idea for the definition of X comes from [9] . 

The strategy in proving these results is similar to the one followed in [3] . We briefly explain the 
idea. In order to prove that X M ^ U is arbitrarily distortable, we start with a set K = \J°^ 1 Aj of func- 
tionals which define the norm of the space. Each set Aj contains functional of the form 8j Ym=i h 
where {fi}f =1 are disjointly supported functional in the dual ball and the family {supp/;}™ =1 is 
Tkj - allowable if j = 1 or admissible if j > 1. Our goal is to show the following: 

There exists c > such that for every block subspace Y of -X'm(i),« an d for large j there exists 
Dj G Y with \\yjW = 1 satisfying 

(3) 11% II «sup{/(ife) -.feAj}, 

(4) \f( Vj )\ < c6 t for all i < j, / G A- 

These two conditions imply that X M n\ u is an arbitrarily distortable space. 

The fundamental objects that we use in order to find such vectors yj are the (e 7 j)-basic special 
convex combinations. The (e,j)-basic s.c.c. are convex combinations of the basis (e„)„ 6 N of the 
space X M (iy u whose normalizations satisfy conditions (3) and (4) if e is small enough. The choice of 
{0 n )m {Fknin ensures that for every j > 2 and for every infinite DCN, there exists an (e, j)-basic 
special convex combination supported in D. 

Next we show that in every block subspace Y of and for every j > 2 we can choose a 

normalized vector yj in Y with the following property: For every i and every / G Ai, there exist an 
(e, j)-basic special convex combination Xf and a functional gj G Ai such that 

\f(yj)\<Cg f (x f ) 

for some constant C. Thus, we reduce the estimation of the action of Ai on yj to the estimation of 
the action of Ai on basic special convex combinations. Our basic tool for this proof is the analysis 
of a functional / G U^ 1 Ai which is the array of functionals used for the inductive construction of /. 

In the case of the space X with no unconditional basic sequence which is constructed in the third 
section, the scheme of ideas is similar with some additional difficulties coming from the existence of 
the dependent chains of functionals. 

1. Mixed Tsirelson Spaces and their modified versions. 
A. Preliminaries. 

Notation. Let (e^^j be the standard basis of the linear space c o of finitely supported sequences. 
For x = J2ili a i e i e c 00) the support of x is the set supprr = {i e N : a t ^ 0}. For E, F finite subsets 
of N, E < F means m&xE < minF or either E or F is empty. For nG N, £cN, n < E (resp. 
E < n) means n < mini? (resp. maxi? < n). For x, y in c o, x < y means supprr < suppy. For 
n G N, x G coo we write n < x (resp. x < n) if n < suppx (resp. suppx < n). We say that the 
sets Ei C N, i = 1, . . . , n are successive if E\ < E 2 ■ ■ ■ < E n . Similarly, the vectors Xi, i = 1, . . . n 
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are successive if X\ < x 2 < . . . < x n . For x — a i e i an< ^ E a subset of N, we denote by Ex the 

vector Ex = J2ieE a i e i- 

The Schreier families T a . Let M. be a family of finite subsets of N. We say that A4 is compact if 
it is closed in the topology of pointwise convergence in 2 N . M. is heriditary if whenever B C A and 
A e M. then i? G A4. .M is spreading if whenever A = {mi, . . . , m,k} G and B = {m, . . . , nt\ is 
such that rrii < ni, i = 1, . . . k, then £? G AL 

Notation. Let .M, TV be families of finite subsets of N. We denote by A4[A/] the family 

M[N] = {U" =1 Ai : n e N, Ai E Af, A x < A 2 < . . . < A n and {minAi, . . . , min A n } G M} . 

The Schreier family S is defined as follows: 

S = {AcN :#A< minA}. 
The generalized Schreier families T a , at < u>i, were introduced in [1]: 

1.1 Definition. 

To = {0} U {{n} : n G N} 

F a +i = {0} U {U" =1 A 4 : n G N, A* G T a , n < A x < A 2 < . . . < A n } 
and for a limit ordinal a we choose a sequence (a n ) n , a„|a and set 

T a = {0} U {A : there exists n G N such that A G T an and n < A}. 

Notice that T\ = S. Also, for n,m < lu, T n [T m ] = J- n + m - 

It is easy to see that each T a is a compact, hereditary and spreading family. 

1.2 Lemma. For n < ui define the family T^f inductively as follows: 

J-Q — J-Q. 

= {\J k l=l Ai : k G N, At G fori = 1, . . . , k, Ai n Aj = for i ^ j and 
k < minAi < min^ < . . . < mm Ak}- 
Then, for all n, Tf^ = T n . 

Proof: The proof is an immediate consequence of the following. 

Claim: Let n G N and let Ai G T n , i = 1, . . . , k be such that Ai D Aj = for i ^ j and min A\ < 
miny4.2 < . . . < min Ak- Then, there exist sets A[ G .F„, i — 1, . . . , k such that A\ < A' 2 < . . . < A' k , 
min ^ < minA^ for i = 1, . . . , k, and uf =1 A- = uf =1 ^4j. 

Proof of the claim: It is done by induction on n. For n = it is trivial. Suppose it is true for n. 

Let Ai, i = 1, . . . , k be sets in J-" n +i such that Ai Aj =0 for i ^ j and min < min A 2 < 
. . . < min Ak- Each is of the form Ai = U^-Bj where B* G .F„ and, for each «, m,i < B\ < B l 2 < 
...<B % mi . Let {Bj}^ = 1 1 + - +m * be a rearrangement of the family {Sj : i = 1, . . . , k, j = 1, . . . , mj, 
which satisfies min £?i < min <C . . . <C min-B mi _|____|_ mfe . It is easy to see that, for each i, 

(*) min A, = minB^ < min B mi +...+ mi _ 1+ i. 
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By the inductive assumption, there exist sets B'- , j = 1, . . . , m\ + . . . + m^, with Bj G .T^, 
u m 1 +...+m feB / = U mi+."4™» B . and such that B[ < B' 2 < . . . < B' mi+ +mfc and minBj < min^- 
for all j = 1, . . . , mi + . . . + mfe. For i = 1, . . . , k, we set 

ai _ I ,mi + ...+m» tV 
u j=mi+...+ra,_i+l B j' 

Then, < < . . . < v4' fe , uf =1 A- = U*= =1 A 4 , and for each i = 1, . . . , k we have by (*), 

mi < minB mi+ ... +mi _ 1+ i < min B' mi+ , +mi _ 1+1 , 
so ^4- G J-n+i. Moreover, using (*) again, we see that 

min A, < mmB' mi+ ... +m ._ 1+1 = minA^. 
This completes the proof of the Claim. The Lemma follows. □ 

Distortion. Let A > 1. A Banach space X is \-distortable if there exists an equivalent norm | . 
on X such that, for every infinite dimensional subspace Y of X, 

sup M : y, z G Y, \\y\\ = \\z\\ = 1} > A. 
\z\ 

X is arbitrarily distortable if it is A-distortable for every A > 1. 

B. Mixed Tsirelson spaces. 

A Banach space X with a basis (ei)^ 1 is an asymptotic l\ space if there exists a constant C 
such that, for all n and all block sequences {xi)™ =1 in X with n < x\ < x 2 < ■ ■ ■ < x n , 

n 

^£|WI<II]>>II- 

The first example of an asymptotic l\ space not containing t\ was constructed by Tsirelson 
([19]). Tsirelson's space is the completion of the vector space c 00 of all eventually zero sequences 
under the norm || • ||t defined implicitly as follows: 

f 1 ™ 

\\x\\t = max < ||x|| 00 ,sup{- ^ H-E^Hr : n G N and n < E\ < E 2 < ■ . ■ < E n } 
{ i=i 

A sequence (Ei) ™ =1 of finite subsets of N with n < E\ < E 2 < ■ ■ ■ < E n is called Schreier 
admissible (or S- admissible). In other words, a sequence (Ei)^ =1 is Schreier admissible if the Ei's 
are successive and {minimi, . . . , mmE n } G S. More generally, we give the following definition. 

1.3 Definition. Let M. be a family of finite subsets of N. 

(a) A finite sequence (-Ei)™ =1 of subsets of N is A4- admissible if E\ < Ei < . . . < E n and 
{minimi, . . . , mini?„} G M. 

(b) A finite sequence (xi)™ =1 of vectors in c o is M- admissible if the sequence (suppx^)" =1 is 
.M-admissible. 

The mixed Tsirelson spaces are defined as follows: 



5 



1.4 Definition. Let {M n }^ =1 be a sequence of compact families of finite subsets of N and let 
{9 n )^ =1 be a sequence of numbers in (0, 1) with 6 n — ► 0. The mixed Tsirelson space T[(M n , n )%Li] 
is the completion of cqo under the norm || • || defined implicitly by: 



= max < Halloo, supsup{6*fc \\Eix\\ : n G N and (i?j)™ =1 is admissible} 
I fe , i 

The mixed Tsirelson spaces T[(M n , 0n)%Li] where (M n ) n is a subsequence of the sequence of 
Schreier families (J r j)JL 1 were introduced in [3] and further studied in [2] and [14]. Every such space 
is a reflexive asymptotic i\ Banach space and the natural basis (ej)j is a 1-unconditional basis for 
it. The first example of an arbitrarily distortable asymptotic l\ Banach space was a space of this 
type ([3]). More generally, Androulakis and Odell have proved the following: 

1.5 Theorem. ([2]) Suppose that the sequence (9 n ) n satisfies 9 n+m > 9 n 9 m for all n,m and let 
9 = lim 9n /n . If |s -> then the space T[{T n , 9 n )^Li\ is arbitrarily distortable. □ 

In particular, this is the case if lim9l/ n = 1. The first result of this section concerns mixed 
Tsirelson spaces T[(T n , n )n] corresponding to such sequences (6 n ) n . Following [2] we call a sequence 
(0n)n regular, if 9 n G (0, 1) for all n, 6 n J. and 9 n+m > 9 n 9 m for all n, m G N. 

1.6 Theorem. Let (9 n )^ D =1 be a regular sequence with \im9 1 J n = 1. Let X = T[{F n ,9 n )™ =l ]. For 
every e > 0, every infinite dimensional block subspace Y of X contains for every n a sequence of 
disjointly supported vectors (j/i)" =1 which is (1 + e) - equivalent to the canonical basis of P^. 

Given a block subspace Y of X and n G N we shall construct a sequence (£i)™ =1 of disjointly 
supported normalized vectors in Y such that ||X]r=i x ill — 36. Since the basis (e„)„ of X is 1- 
unconditional this implies that (x,)" =1 is 36-equivalent to the canonical basis of P^. From this the 
Theorem follows by a standard argument due to R.C. James. The building blocks of our construction 
are the (e,j)- rapidly increasing special convex combinations, the prototypes of which were used in 
[3]. Before proceeding to the construction we need to establish some preliminary results most of 
which also have their analogues in [3]. 

Notation. Let X = T[(jF„, 6>„)£° =1 ]. 

A. Inductively, we define a subset K = U^ K™ of Bx* as follows: 
For j -1,2,..., 

K] = {±e n : n G N}. 

Assume that Kf, j = 1,2,... have been defined. We set K n = Uf =1 KJ and, for j = 1,2,..., 
we set 

K^ +1 = K"U {6j(fi + ■ ■ ■ + f d ) ■ d G N, f t G K n ,i = 1, . . . , n, 
suppfi < . . . < supp/d and (/i)f =1 is Tj — admissible}. 

Let K = U%L K n . 

Then K is a norming set for X, that is, for x G X 

\\x\\ = sup{/(x) :feK}. 
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B. For j = 1,2,..., we denote by Aj the set Aj = U~ =1 (K? \ K°). 

C. Let m e N, ip G K m \ K'" 1 ^ 1 . An analysis of ip is a family {K 8 {p)}f =0 of subsets of K such that 

(1) For every s < m, K s {<p) C K s , the elements of K s {p) are disjointly supported and 
U/ G K»( v )Supp/ = suppiys. 

(2) If / belongs to K s+1 (ip) then either / G K s (tp) or, for some j > 1, there exists a ^-admissible 
family in such that f = O j {f 1 + --- + f d ). 

(3) - M. 

It is easy to see that every ip £ K has an analysis. 

1.7 Definition. Let n > 1, e > and F C N, F G JF n . A convex combination J^fceF a fe e fe is called 
an (s, n)-basic special convex combination (basic s.c.c) if, for every G G T n -\, J2keG ak < £ - 

1.8 Proposition. Let D be an infinite subset o/N. Then, for every n > 1 and e > 0, there exists 
an (e,n)-basic special convex combination x = J2keF a k e k with F = supp(x) C D. 

Proof: For n = 1, we choose m > \ and A <Z D with m < A and |A| = m . Then, x = ^ J2keA &k 
is an (e, l)-basic s.c.c. 

For n > 1 the proof is by induction based on the following: 

1.9 Lemma. Let n > 1 and suppose that the integers mo, mi, . . . , m TOo and i/ie 6/ocfc vectors 
xi,X2, ■ ■ ■ , x mo satisfy the following: For every k = 1, 2, . . . , mo — 1, 

(a) 2mk_i < mfe. 

(b) supp(xfe) C (mfc_i,mfc]. 

(c) a;fc is a (75-^ — ,n)-basic s.c.c. 

Then, the vector x = — Y".T°i x k is a ( — , n + 1) -basic s.c.c. 
Proof: The proof is straightforward. (See also Lemma 1.6 [3]). □ 

1.10 Definition. Let e > 0, j G N and suppose that {zfc}JJ =1 is a finite block sequence with the 
property that there exist integers {Zfc}£ =1 with 2 < z\ < h < Z2 < h < ■ ■ ■ < l n -i < z n < l n , and 
such that a convex combination J2k=i a k&i k is an (e, j)-basic s.c.c. Then, the corresponding convex 
combination of the zu's, x — J2k=i a kZk, is called an (e,j)-s.c.c. of {zk}k=i- 

An (e,j)-s.c.c. x = J2k=i a k z k of unit vectors {zk}^ =1 is said to be seminormalized if ||x|| > \. 

Remark: It is easy to see that if x = J2k=i a k z k 1S an ( e ' j)-S-C.c and ||zfe|| = 1, k = 1, . . . ,n, then 
\\x\\ > Oj+i. Indeed, if fk G E>x* are chosen so that fk(zk) = \\zk\\ = 1, supp(/i) G (2, Zij , and 
supp/fe G (Zfc-i, /*;] for k = 2, . . . , n, then the family {fk}k is .Fj+i -admissible. This implies that the 
functional tp = 0j+i X) fk belongs to B>x*, hence ||x|| > <p(x) > Qj+i- 

The following Lemma states that every block subspace Y of X contains for any e and j a 
seminormalized (e,j)-s.c.c. The condition lim^^ = 1 is essential at this point. 

1.11 Lemma. Let j G N, e > and let {zk}^^ be a block sequence in X . There exists n G N 
and normalized blocks yk,k = l,...,n of the sequence {zfc}^ such that a convex combination 
x = X)fe=i a kVk is a seminormalized (e,j)-s.c.c. 

Proof: We may assume that the vectors Zk,k = 1,2, .. . are normalized. Choose an infinite block 
sequence {xj}f^i of {zk}kLi snch that, for each I, xj = J^keAi akZk 1S an ( e > j)-s.c.c of {zk}keA t - 

If for some I, \\xj\\ > \, then we are done. If not, we set y\ = tAtt and, as before, choose an 
infinite sequence {xf}i of (e,j)-s.c.c of {yf}^. 
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Notice that, for each /, the family {z k : supp(zfc) C supp(a^)} is jr 2j _|_ 2 -admissible (since J~2j+2 = 
and so xf is a combination of the form xj — ^ b k (\ k z k ) where ^ b k = 1, A fe > 2, and 
{zk} is an J r 2 :) +2-admissible family. This gives that ||x^|| > 2#2j+2- 

If, for some I, \\xf\\ > \ then we arc done. If not, then we set yf — and continue as before. 

Continuing in this manner, if we never get some (e, j)-s.c.c x\ with \\xf || > i, then we can repeat 
the same procedure for as many steps s as we wish and always get 1 > \\xf\\ > 2 s ^ 1 9 s ^ +1 y 

But the assumption that lim„ Oft = 1 implies that lim^oo 2 s ~ 1 9 s (j +1 - j = oo. This leads to a 
contradiction which completes the proof. □ 

1.12 Lemma. Let x = J2ieF aiei ' where F G J-j, be an (e,j)-basic s.c.c. Then, 9j < \\x\\ < 9j + e. 

Proof: It is obvious that ip — ^(X);GF e D belongs to Bx» and ip(x) = 9j. This yields the lower 
estimate for ||.t|| . 

It remains to prove that, for all ip G K, \ip{x)\ < 9j + e. Let tp G K ; we may assume that ip is 
positive. Set 

J={leF:iP(e l )<9 3 } 

and 

L = F\J={leF:ip(e l )>e j }. 
We shall prove that L G Tj-\ and so ^2 keL a>k < £■ This is a consequence of the following: 
Claim: Let r = 1, 2, . . . , / G K and suppose that /(efe) > 9 r for all k G supp(/). Then, supp(/) G 

Proof of the Claim: The proof is by induction on s, for / G K s , s = 1, 2, . . .. 

For s = 1, let / G K 1 , with / = 9i J2keA e fc' ^ e •T 7 *- Since #j > 9 r , we get i < r — 1 and so 
A = supp(/) G T r -\. 

Suppose that the claim is true for all g G K s and let / G K s+1 . Then, / = 6i(^JJL 1 fi) where 
the set (fi)YLi is -^-admissible and, for each /, /; G K s . Suppose that /(efe) > 9 r for all k G supp(/). 
Then, r > i and, for each I = 1, . . . , m, //(e^) > |^ > # r _i. It follows from the inductive hypothesis 
that supp(/;) G J>_j_i,Z = 1,. .. ,m. So, supp(/) G J-i[J>_i_i] = ^>-i- This completes the proof 
of the claim. 

We conclude that L G Tj-\ and so 

1.13 Lemma. Lef a; = Y^k=i a kUk be an (e,j)-s.c.c, where e < 9j. Let i < j and suppose that 
{E r ) s r=1 is an Ti- admissible family of intervals. Then, 

s 

W E r x W < (! + .max ||y fc ||<2 max ||j, fc ||. 

r=l 

Proof: We can assume that the E r 's are adjacent intervals. Set 

L = {k : k = 1, . . . , n and supp(yfc) is intersected by at least two different E r 's}. 
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For each r = 1, . . . , s, define 

B r = {k : k = 1, . . . , n and supp(?/fc) C E r }. 
The sets B r are mutually disjoint and {1, 2, . . . , n} = (lif, =1 B r ) U L. So, 

s s s 

W E r X W < S ll^r( Yl a fc2/fc)ll+E afe Ell^H 
r=l r=l fee-B,. fcei r=l 

.V- \^ 1 1 1 1 

< 2^ a k\\yk\\ + 2^ ak ~g~- 

k=l keL 1 

Suppose now that 2 < y\ < l\ < 1/2 < ■ . . < h-i < Uk < h and Y^ik=i a k&i k is the basic s.c.c 
which defines the s.c.c x = Y^k=i a kVk- We shall show that {Ik : k G L} G Ti C ^j-i- This will 
imply that J^feeL a fc < £ and hence complete the proof. 

To see that {1^ : k G L} G for each fc G £ let = min{r : E r intersects supp(j/fe)}. The map 
fc — > rfc from L to {1, 2, ... , s} is one to one. This gives that #L < s. Consider now, for each keL, 
m Tk = miniiV.,.. Then, m Tk < Ik, k G L. Since the set {m rk : k G L} belongs to T, we conclude (by 
the spreading property of Ti) that {Ik ■ k G L} G ^ as well. □ 

1.14 Definition. A. A finite or infinite sequence {zk}k is called a rapidly increasing sequence if 
there exists an increasing sequence of positive integers {tk}k such that the following are satisfied: 



(a) The sequence { g tk }k is increasing, 2 < tk /9 tk+1 for each k, and lim^oo g * k = 00 if the 

sequence is infinite. 

(b) Each Zk is a semi-normalized (9\ k , ^)-s.c.c. 

(c) For each fc, ||^||^ < g^*-. 

B. Let j G N, e > 0. Let {zk]^ =1 be a rapidly increasing sequence, where each Zk is a semi- 
normalized (0j fc , tfe)-s.c.c and 2 < < Suppose also that there exist coefficients {afe}/J =1 

such that the vector x — Y^k=i a k z k is an (e, j)-s.c.c of {2fc}£ =1 . Then a; is called an (e,j)- rapidly 
increasing special convex combination ((e,j)-R.I. s.c.c). 

1.15 Proposition. Let j G N, < e < 9?, and let x — Y^k=i a k z k be an (e, j)-R.I.s.c.c of the Zk's, 
where each Zk is a seminormalized (9f k ,tk)-s.c.c. Let t be any integer such that j + 1 < t < t\ and 

Then, for every tp in the norming set K of X , we have the following estimates: 

(i) \ip{x)\ <86j, if<peAi,i<j 

(ii) \(p(x)\ < A6 i; ifp G A l ,j <i<h 

(hi) \<p(x)\ < 4(^ p _ x +a tp ), if p G Ai, t p < i < t p+1 , p>l. 
In particular, < ||x|| < 89 j. 

Proof: The lower estimate for ||a:|| follows by the Remark after Definition 1.10 and the fact that 
\\ z k\\ > \- The upper estimate follows from the first part of the Proposition. The proof of this is 
similar to the one of Proposition 2.12 in [3]. Let {h}k=i be such that 2 < z\ < l\ < . . . < l n -i < 
z n < l n and J2k=i a k e i k is an (e, j)-basic s.c.c. 

Given <p G K, we shall construct tp e co(K) such that 
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( a ) <P{YJk=i a kZk) < #(Efc=i a fe e «J- 

(b) If ip G .4 i; i < ti, then ^ G co(_4j). 

(c) If G Ai, t p <i < tp+i for some p>l, then ^ = 5(^1 + e r p )' where Vi G co(*4 tp _i)- 

Since, for ip G co(«4i) we have VKE a fc e *fc) < #ii estimates (ii) and (hi) will follow immediately. For 
(i) we apply Lemma 1.12. 

We consider an analysis {K s (ip)} 1 JL 1 of ip, and we cut each Zk into two parts, z' k and zjjf, with 
the following property: 

(*) For each level K s (ip) of the analysis of <p, and for each z' k , either there exists a unique 
f G K s (ip) with supp(^) n supp(/) ^ or there exists f G K s (<p) such that maxsupp(z^,_ 1 ) < 
supp(/) < minsupp(4 +1 ). 

The same is true for z' k '. This partition of the z^s is possible, as done in [3] (Definition 2.4). 

We shall see that using property (*) we can build tp' and ip" such that |v?(<Zfc)| < ^'( e i fc ) and 
\<p( z k)\ ^ *P"( e h) f° r au So we ma y assume that the z^s have property (*) and then multiply 
our estimate by 2. 

For each / G l)"L K s ((p) we set 

D f = {k : supp(yj) n supp(z fc ) = supp(/) n supp(;j fc ) ^ 0}. 

By induction on s = 0, . . . , m we shall define a function gj G co(-ftT), supported on {l k : k G £>/} and 
such that: 

(a) \f(z k )\ < 2g f (ei„) for all k G £>,. 

(b) If / G A q , q < h, then g f G co(A g ). If / G .4 q ,t p < q < t p+1 , then 5/ = ±(gj + efj, where 
5} G co(A p _J- 

For s = 0, / = e*, if £>/ = {A:} we set g f = e* lk . 

Let s > 0. Suppose that gf has been defined for all / G UjZ i^*(<p). Let 

We set I = {i : 1 < i < d,D fi ^ 0} and T = D/\ Li ieI D fi . 

Case 1: q < t\. 
Then, we set 

Vie/ feeT / 

Property (a) for the case k G Uj e /.D/\ follows from the inductive assumption. For k G T we get, by 
Lemma 1.13, since g < tk, that 

d 

|/(*fc)l <0 q ^\fi(z k )\ <2e q = 2g f (e lk ). 
»=i 

To prove that <?/ G co(^4 9 ) we need to show that the set {gj i : i G /} U {lk ■ k G T} is J^-admissible. 

Here we use property (*). According to (*), for each k e T there exists an G {1, . . . , d} such 
that maxsupp(z fe _i) < supp(/ i( J < minsupp(z fe+ i). 
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This means that i k ^ i\ for k ^ I E T and i k £ I. It follows that \T\ + \I\ < d. Since also, for 
each k e T, min supp(/ ifc ) < l k , by the spreading property of T q we get that 

{minsupp(/i) : % E 1} U {l k : k E T} E F q , 

hence the family {g/^iei U {e1 k }kei is ^-admissible. 
Case 2: q>h. 

Suppose that t p < q < t p+ \. If p £ Df or p E Uj e j£)/ 4 , then we set 



Vie/ feer / 



Since supp(g/) C {Zfc : fc = 1, . . . , n} E Tj and j < i p _i, it is clear that gj E co(^4t p _i)- 
For k E yJi e [Df i we get 

\f(z k )\ = 9 q \fi(zk)\ < 2e q9fi (e lk ) < e tp _ l9u {e lk ) = g f (e h ) 
by the inductive assumption and the fact that 29 tp < tp _ 1 . 
For k E T, k < p, we have 

\f(z k )\ < e q J2\fr(z k )\ < e q \\z k \\ tl < e q -^- <e tp e -^ = e tp _ t = 9f {e lk ) 



tk+i 



by the property of the R.I.S {z k } k . 

For k E T, k > p, we have q < t p+ i <t k , so 



1/(^)1 = ^ 20 « < Vi = f/( e '») 



i=l 



by Lemma 1.13. 

Suppose now that p ET. Then we set 



9f = 



E*a+ E 



As before, we get 
for k ^ p, and 



feGT\{p} 

|/(z fe )| < 2 5/ (ezJ 



|/(^)| < 1 = 2 fl/ (e, p ). 

This completes the inductive step of the construction and the proof of the Proposition. □ 

In what follows, a finite tree of sequences T will be a finite set of finite sequences of positive 
integers, partially ordered by the relation: a -< (3 iff a is an initial part of /?, and satisfying the 
following properties: 
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(a) For each a G T, the set {/3 : (3 is an initial part of a} is contained in T. 

(b) If a = (fci, . . . , fc m _i,fc TO ) G T and 1 < ^ < fc TO , then . . . , fc TO _i,Z) G T. 

(c) The maximal (under -<) elements of T are all of the same length. 

It follows that T has a unique root, the empty sequence which we denote by 0. The length of 
the sequence a is denoted by \a\. The height of T is the length of the maximal elements of T. For 
each a G T which is not maximal we set S a = {(3 G T : a -< [3 and \(3\ — \a\ + 1}. We also consider 
the lexicographic order, denoted by <, on T. For a = (k\, . . . , fc TO _i, k m ) G T we denote by a + the 
sequence a + = [k\, . . . , fc m _i, fc TO + 1). 

1.16 Definition. Let r G N. Let j\, . . . ,j r be positive integers, and e > 0. An (e, (ji, . . . ,j r )) -tree 
in X is a set of vectors T x = {u 7 } 7e r indexed by a finite tree T of height r, and satisfying the 
following properties: 

(a) The terminal nodes {u Q }| Q | =r of the tree are elements of the basis {e n }^ =1 , i.e, for \a\ = r, 
a G T, u a = ei a . Moreover, for a, (3 G T with |a| = \(3\ = r, if a < (3 (in the lexicographic order), 
then l a < lp. 

(b) There exist positive coefficients p^T\{o) such that, for each 7 G T, I7I = t < r, we have 
E/3 e s T Oj8 = 1 and u 7 = E Qe r,| Q |=r, 7 ^ Q (n-,^/?^^ a p) is an (e, jt+i + Jt+2 + • • . +>)-basic s.c.c 

°f { e l a }aeT,\a\=r- 

It is clear that, given an infinite subset L of N, ji, . . . ,j r positive integers, and e > 0, one can 
construct an (e, . . . , j r ))-tree in X, supported in L, by repeatedly applying Lemma 1.9. It is also 
not hard to see in the same manner that the following construction is possible: 

1.17 Lemma. Let L be an infinite subset of N, n G N, s > and ji, . . . ,j n be positive integers. 
There exist a tree of sequences T, subsets , . . . ,T* of X, and positive coefficients {a,g}/3er\{o} 
such that: 

(a) For r < n, set %■ = {a G T : \a\ < r}. Then, T r x = {u r a } ae r r is an (s, (ji, . . . ,j r ))-tree in 
X with coefficients {ap}p^T r \{o}, supported in L. 

(b) Let {e;r , a G T, \a\ = r} be the terminal nodes of the tree T r x . Then, if 'a, [3 G T \a\ — r < n 
and (3 G S a , we have V a < l r ^ +1 < l r a+ . 

1.18 Definition. A finite family T x , . . . , T x as described in Lemma 1.17 is called an (e, (ji, . . . ,j n )) 
family of nested trees in X. 

Proof of Theorem 1.6. 

Given n G N, and a block subspace Y of X we shall construct a sequence x\,...,x n of disjointly 
supported unit vectors in Y which is 36-equivalent to the canonical basis of . 

The construction is as follows: 

First, choose 77 > with 77 < Choose jo such that 646 j < i]. Let s G N be such that 
6{° < n. Choose j\ such that 

so jo < ji and %^±i > 
Inductively, choose j2> ■ ■ ■ ,jn so that, for each k = 2, . . .n, 

j 1 + ...+j k - 1 <j k , < V , and 6 Jl±^±l > ; 



9ji+...+jfc_i+i 8j k l + v 



The latter is possible, since lim^oo 0„ = 1. 
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Next, we choose an infinite R.I.S. {z-i\ c *L 1 in Y where each Zi is a (6%. , ij)-seminormalized s.c.c. 
For each i, let ij = max(suppzi). Let i be such that 

*i„ > ii + • • • + in + 1 and - — ^ < JL. 

We set L = {ZJi>; . 

Now let < e < min{ 6»| 1+ ... +jn+1 , 7?(1 - 0i)}. 

We choose an (e, (ji, . . . ,j n ))- family of nested trees (T* , . . . , T*) in X, indexed by a tree T, 
supported in Lq. Let {ap}p^r be the corresponding coefficients. Then, for each r < n, there exists 
a set {lu}aeT.\a\=r, contained in Lq, and such that for alH < r and 7 6 T with I7I = t, 

e ( n °^ e ^ 

7^a,|a|=r 7X/3Xa 

is an (e, j t+ i + . . . +>)- basic s.c.c. of {ei^} aeT ,\a\=r ■ 

For each a G T with |a| = r, denote by z r a the element of {zi} i& ^ with maxsupp(z^) = V a . 
Then, for 7 e T with \j\ = t < r, the vector 

y r t= E ( II 

7-<a,|a|=r 7^/3^a 



is an (e,j t +i + ■■■ + jr)~ R.I.s.c.c. 

For each r = 1, . . . , n, we set 
x„ = j^Fy\y r a , so that, for each t < r — 1, 



For each r = 1, . . . , n, wc set x r = ^ttt. If r > 2 then for each a £ T, 1 < lal < r — 1, we set 

] 'Vo II 



xT = E (II 

aeT,\a\=t CH/3^a 

1.19 Lemma. For each r < n, t < r, and a G T wif/i |a| = i, 

^<IKH< 16(1 + 7?). 

Proof: By the construction, for each t < r — 1 and a e T with \a\ — t, y r a is an (e,j t +i + . . . + >)- 
R. I. s.c.c. It follows from Proposition 1.15 that 

^ +1+ 2 +3r+1 <ll^ll<8% +1+ - + >- 

Hence, for < \a\ = t, 

16 16 6 h+ ... +jr \\yl\\ Ol +...+ Jr +i 

1.20 Lemma. Let r > 2 and a e T wii/i |a| = t < r — 1. I/i < jt+i + . . . + j r -\ and {E p ) p=l is 
an Ti- admissible family of sets, then 



^\\E p x r J < 32(1 + 77). 
P =i 
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Proof: By the construction, 

y r c = E (II a ^y r ~f> 

\j\=r — l,a-<7 ot<0<^ 

where ll^ 1 < < F+ 1 for every 7 e T with = r — 1 and a -< 7. (Recall that is a convex 
combination of (z r p)\p\= r and that maxsupp(zg) = Ip. By the definition of (T^ , . . . ,T*), we have 

i*- 1 <i} 3 < r~ + \) 

Also, the corresponding basic convex combination 

< x = £ ( n ^)e ;rl 

|-y|=r— 1, a^7 

is an (e,jt+i + . . . + j r _i)-basic s.c.c. 

An argument similar to the one in Lemma 1.13 yields 



J2\\E P V r J<2 max 1^ 

<— * |7|= r — 1, 0^7 



p=l 

Dividing by ||?/q|| wc obtain the conclusion. □ 

1.21 Proposition. 77ie sequence {x r }" =1 is id -equivalent to the standard basis of P^. 
Proof: We need to prove that 

n 

H5> r ll<36. 

r=l 

To do this we estimate <fi(J2r=i xT ) f° r ¥ ^ distinguishing two cases for ip: 

Case I: ip € Ai, i > jo- 
Let r € {0, . . . , n} be such that 

jr < i < jr„ + l- 

Then, 

(a) For r > r + 2 we get i < j r _i < ji + . . . + jV-i- Using Lemma 1.20, we see that 

1^)1 < 32^(1 + rj) < 646 jo < V . 

(b) Let now 1 < r < r — 1. We know that * s an ( e > Ji + h + • • • + 3r)~ R.I. s.c.c. of the z^s. 
Also, (f G A, where ji + j 2 + ■ ■ ■ + j r < jr+i < i- 

Let Zi ± , . . . , z ik be the semi-normalized s.c.c. 's which compose where, for p = 1, . . . , k, z ip is 



a (9^ r , tp-seminormalized s.c.c. Set t r Q = t io where by construction t io is such that j— - *°. +1 < ^6 
and tj = to < tp for all p — l,...,k. 

From Proposition 1.15 we get 

\M)\<4Si<4$ jr+1 

and 

k(% r )l <4(^+ £ ) if i>t[. 
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Dividing by \\Uq\\ and by the choice of the jfc's we obtain 

\<p(x r )\ < fl ^ <V ifi<*I, 

and 

|^ r )l < + 8 ^i+-+>+i < 5 + 8^,.. < r? if i > t\. 

"jl + .-.+jr + l ^'l + .-.+jr + l 2 

We conclude that, in this case, 

n 

|¥>£> r )l < M £ ^)l + l^ r °)l + l^ ro+1 )l<^ + 2<3. 

r=l r=iro,ra+i 

Case II: ^ G Ai , i < jo • 

Consider an analysis {K s (ip)} q s=1 of ip. For s < q and / G K s (ip), let /+ G K s (ip) be the successor 
of / in K s {<p)] that is, / + is such that supp/ < supp/+ and if g G K s (ip) with supp/ < suppg then 
either g — /+ or supp/+ < suppg. 

For / £ U s K^ 1 ?)' we set 

= [min(supp/), min(supp/ + )) C N 

(E? = [min(supp/), max(suppx")] if / does not have a successor). 

Recall that x 1 — X^feLi a k z l an d> for fe = 1, . . . , to, = max(suppz^). We set 

Ifc = [Zfe,Zfc+i) C N, fc = 1, . . . ,m — 1 and J TO = [Z^, max(suppx")]. 
Notice that for r > 2 we have supp(x£) C /fc. 

For k = 1, . . . , m and / G U s K s (ip), we say that / covers Ik if /fc C 

We may assume without loss of generality that min(supptp) < l{. Therefore, for fixed s, any Ik 
is either covered by some / in K s (ip) or intersected by for at least two different /'s in K s ((p). 
Also, every Ik is covered by ip. 

Set now 

J\ = {k = 1, • ■ • , m : Ik is covered by some functional 

in U K s ((p) belonging to some class Ai with I > jo}, 

and 

J2 = {fc = 1, . . . , m : Ik is covered only by functionals 

in U K s (ip) which belong to Ui<j Ai}. 

Consider any k G J\. Let / G \JK s (ip) be a functional which covers Ik and such that / G Ai for 
some I > jo- Then, exactly as in Case I we can get 

\<p(x r k )\<\f(x r k)\<V 

for all but two r G {2,..., n}. This gives |<^(X!r=2 x k)\ ^ nr l + 32(1 + 77) < 34, and we conclude that 

n 

i^(EE a ^)i< 34 - 

r=2 fceJi 
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We turn now to J 2 . Let ip — d; t J^p = i fp where i < jo- Consider the set 

i?i = {k G J 2 : I k is intersected by at least two f p s}. 

Since the family (f p )p =1 is ^-admissible, the set : k € i?i\mini?i} belongs to JFi C .Fj and so, 
: fc G i?i} e ^Fji-i- Therefore, X^e^ a k < £■ 

Let Li = J 2 \i?i and, for p = 1, . . . , s, let 

L\ = {k e Li : 7 fe C f?^}. 

For any r > 2, we get 



afcX ^' E^E afcX ^' + ^ a fc)max||4|| 

k£.h \p=i keh\ J keRi 

< e i E'-^E a kX r k )\ \ +emax|l4ll- 

\P=1 fcGLP / 

Consider now anyp, 1 < p < s, with L\ ^ 0. By the definition of J 2 this implies that f p — 6 ip J2t=i 9t 

where i p < jo and (gf)t=i i s ^i P ~ admissible. (It is clear that we cannot have f p G K a and L\ ^ 0.) 
We will partition L\ in the same way that we partitioned J 2 : We set 



R v = {fc G L\ : Ik is intersected by at least two gf s} 



and for each t = 1, . . . , l p , 



L t 2 (p) = {keL p 1 :I k dE^}. 

The family {g P : p such that L\ ^ 0, t = 1, . . .l p } is ^i+jo- admissible and so the set {l\ : k G 
Up =:L i? 2 } belongs to JF i+:(0+1 c J-2j C -T^-i. We conclude that 



E a fc < e. 



So, for each r > 2 we get the estimate 



k(E a fc4)l < ^E^E \9t( E a k xr k)\+°i^2f P (^2 a kX r k )+em'Ax\\x r k \\ 

k£.h P t fc£L*(p) P kGRl 

<0i£l2?( E E Ofc)n«xKI|+emaxKI| 

<^El-9*( E a k xl)\ + (6 1 + l)e. 
p,t fcei'(p) 

We can now partition each L\{p) and continue in this manner for sq steps, where 91° < rj. By the 
choice of ji, j a s a < j\. Recall that ip G K q . If q > s then for r > 2, 

|^(E a ^)l<^i° E /( E ^x r k ) + {l + 6 1 + ... + 6 s r 1 )e^\\xl\\ 
keJ 2 feK*- s o(<p) hcEf 
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Of course, if q < s then we have only the second term at the right hand side. Finally, for r > 2, we 
get 

akX k)\ < m ^\\ x l\\(v + Y J -f ^ <60f i- 

ke.h 1 

We conclude that 

n n n 

M5> r )i < i^ 1 )! + \<p(E E a ^i)\ +EwE a ^)i 

r=l r=2fceJi r=2 fceJ 2 

< 1 + 34 + 60n?7 < 36. 
This completes the proof of the Proposition. Theorem 1.6 now follows. □ 

C. Modified Mixed Tsirelson spaces. 

The modified Tsirelson space Tm was introduced by W.B. Johnson in [10]. Later, P. Casazza 
and E. Odcll ([6]) proved that Tm is naturally isomorphic to T. Analogously, given a sequence of 
compact families {M^kLi in [N] <w and a sequence of positive reals {6k} k x L 1 , we define the modified 
mixed Tsirelson space Tm[(Mic, 0k)kLi\- 

1.22 Definition. Let M. be a family of finite subsets of N. 

(a) A finite sequence (Ei)\ =1 of finite non-empty subsets of N is said to be M- allowable if the 
set {min E\ , min E 2 , . . . , minEk} belongs to M. and EiCi Ej =0 for alH, j = 1, . . . , k, j. 

(b) A finite sequence (a;j)f =1 of vectors in c o is M-allowable if the sequence (supp(a;j))^ =1 is 
.A/f-allowable. 

1.23 Definition of the space TM[(.M.k,9k)kLi]- Let (Mk)k be a sequence of compact, hereditary 
and spreading families of finite subsets of N and let (9k) k be a sequence of positive reals with 9k < 1 
for every k and linifc 9k = 0. Inductively, we define a subset K of Bg^ as follows: 

We set K° = {±e n : n e N}. 

For s > 0, given K s we define for each k > 1, 

n 

K k +1 = i k(J2 fi) :n ^ N ' fi ^K s ,i< n, and the sequence (/»)" = i is Mk - allowable}. 

i=l 

We set 

^ +i =^u(u^ +i )- 

Finally, we define 

oo 

k = y k s . 

s=0 

Note that K is the smallest subset of B^^ which contains ±e„ for all n € N and has the property 
that 0fc(/i + . . . + f n ) is in K whenever f\, . . . , f n £ K and the sequence (/i)™ =1 is Alfc-allowable. 

We now define a norm on Coo by 

||.t|| = sup (a;, /) for all x £ c o- 

feK 
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The space T M [(Mk, &k)kLi\ is the completion of (c 00 , ||.||). We call K the norming set of 

T M [(.M fc A)r=i]- 

The following Proposition is an easy consequence of the definition: 

1.24 Proposition. Let X = T M [(M k , k )f =1 \. 

(a) The norm of X satisfies the following implicit equation: For all x 6 X, 

n 

\\x\\ = max{||a;|| 00 ,sup6l fe sup{^ ll^^ll : (£^)™ =1 is M k - allowable}}. 
k i=i 

(b) The sequence (e„)J^L 1 is a 1-unconditional basis for X. □ 

We also consider boundedly modified mixed Tsirelson spaces denoted by 

TM{m)[{Mk, 9k)kLx], 

for some m e N. The definition of T M ( m ) [(Mk, #fc)^Li] is similar to that of TM[(Mk, 9k)kLi\, the 
only difference being that at the inductive step s + 1 we set 

n 

K +1 = fi) ■■neN,f l eK s ,z<n, and the sequence (/«)™ = i is Mk — allowable}, 

for k < m, while 

n 

K t +1 = fi) ■ n G N, fi G X s , z < n, and the sequence (/i)™=i is Alfe — admissible}, 

i=l 

for k > m + 1. 

1.25 Proposition. Let Y = T M(m) [{M k , O k )T=i\- 

(a) The norm || • || ofY satisfies the following implicit equation: 

n 

\\x\\ = max] ll^llooi max6*fe sup{V^ \\Eix\\ : (-Bj)™ =1 is Mk — allowable}, 

I k<m ^— ' 

n 

sup 6k sup{V^ ll^i^H : (-^i)"=i is Mk - admissible} >. 

k>m+l , > 

— z— 1 

(b) The sequence (e n ) n is a 1-unconditional basis for Y. □ 

In the sequel we consider spaces TM[{Mk,0k)% x =-i\ or r ^M(m)[{Mk,6k)'kLi] where (Mk)k is a 
subsequence of the Schreier sequence (J- n )^Li - In this case, by Proposition 1.24(a) (resp. Proposition 
1.25(a)) we have that for all sequences (xi)™ =1 of disjointly supported vectors with suppa^ C [n, oo), 

n n 

ii5>ii>*il>iii 

i=l i=l 

in TM[(Mk, 9k)k=i\ (resp. T M ^[{Mk 1 #fc)fcLi]-) It is clear from this inequality that Co is not finitely 
disjointly representable in any block subspace oiTM[{Mk,Ok)kLi\ or ^M(m) {{-M-k, 6k)k=i\- Combin- 
ing this with Theorem 1.6 we get the following. 
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1.26 Corollary. Let (Q n )%Li be a regular sequence with ]hn.8$/ n = 1. Let X = T M [(!F k , k )^ =1 ] or 
X = T M ( m ) [(Fk, Qk)kLi\- Then the spaces X and T[(Fk, Ok)kLi\ are totally incomparable. □ 

1.27 Theorem. Suppose that the sequence (6k)k decreases to and that the Schreier family S is 
contained in Mi. Then, the spaces TM[(Mk,Ok)kLi\ and T M ( m ) [(-Mk, #fc)fcLi]; 171 = 1>2,... are 
reflexive. 

Proof: Let X = T M [(M k ,6k)kLi\- Thc proof for T M{m) [(Mk,O k )^ =1 } is the same. We shall prove 
that the basis (e n )^ =1 is boundedly complete and shrinking in X. 

(a) (e n )^ =1 is boundedly complete: Suppose on the contrary that there exist e > and a block 
sequence {xi} c *L 1 of {en}™^ such that sup„ || Y^i=i x i\\ — 1 while ||xj|| > e for i = 1, 2, 

Choose no S N such that uqOi > e. Then, the finite sequence (xj)^™" +1 is iS-allowable and 
since S C .Mi it is .Mi -allowable. Using Proposition 1.24(a) (resp. 1.25(a)) we get 

2no 2no 

ii 51 ^ii - di iwi - n ° di£ > 1; 

i— no + l i— no + 1 

a contradiction which completes the proof. 

(b) (e n )^—i is a shrinking basis: For / G X* , m G N, we denote by Q m (f) the restriction of / to 
the space spanned by {ek)k>m- We need to prove that, for every / G Bx*, Q m (f) ^ as to — > oo. 

Let if be the norming set of X. Then = co(K) where the closure is in the topology of 
pointwise convergence. We shall show that for all / G Bx* there is / G N such that Qi(f) G 6\Bx*- 
By standard arguments it suffices to prove this for / G K. 

Let / G K. Let (f n )^ =1 be a sequence in K converging pointwise to /. If /" G K° for an 
infinite number of n, then there is nothing to prove. So, suppose that for every n there are k n G N, 
a set M n — {to™, . . . , to™^} G M kn and vectors /" G K, i = 1, . . . , d n such that /" = 9 kn Y^iZi fi-> 
to" = minsupp(/"), i = 1, . . . , d n and supp(/") PI supp(/™) = 0. If there is a subsequence of (0k n ) n 
converging to 0, then / = 0. So we may assume that there is a k such that k n = k for all n, that is, 
6 kn = 9 k and M n = {to?, . . . , rojj G M k . 

Since Mk is compact, substituting {/"} with a subsequence we get that there is a set M = 
{mi, . . . , rrid} G Mk such that the sequence of indicator functions of M n converges to the indicator 
function of M. So, for large n, to™ = to,, i = 1,2, ...,d and to^ 1 + i ^ oo as n -> oo. Since 
min supp/ ( ™ +1 = to^ +1 — ► oo, the sequence /" = 9kJ2i=ifr tends to / pointwise and we may 
assume that /" = 0fc^ i=1 Passing again to a subsequence of {/"} we have that, for each 
i = 1, . . . , d there exists fi&K with /" — » pointwise and / = 0fc(/i + ••• + /<<). 

Now, for each z = 1, . . . , d, either /" = e* m for all n (eventually) or 

iv- 

fi=6 K i=l,...,d 

m— 1 

where for every n G N and to = 1, . . . , U, g^ 1 G K and the family {g^Ym^i i s A4fc« -allowable. Let 
A C {1, . . . , d} be the set of indices i for which /" is of the second type for all n. As before, forgetting 
those i's for which /" — > 0, we may assume that, for each i £ A, there is fcj such that fc™ = fcj and 
a set Mi = {mj,...,TOj.} such that to* = minsupp(g™'*) for all n = 1, 2, . . ., r = 1, . . . , and 

minsupp(5 / ™'^ 1 ) — > oo as n — > oo. So, for i G A, the sequence /" = Sfc, Em=i Sm' tends to f, L 
pointwise. 
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Let I = max({X) ieX /i}U{m i : i = 1 . . . d}) and ^ = Q ( fe*) G A", i e A,m = 1, . . .^n = 

1,2,.. .. Then, the sequence 6 k J2 tE A ®U ELi Kt = Qi(°k EiLi /»") tends to as n 00 ■ 

On the other hand, since, for each n, i £ A, m = 1, . . . , Zj} < Z, Z < minsupp(/i^*) for 

every z and m, and the sets supp(Zi^j l ), i £ A, m = 1, . . . ,k are mutually disjoint, we get that the 
family {/i^*}», m is Schreier-allowable. Since the Schreier family 5 is contained in Mi, < < 
1, {Zi^ 4 }i, m is 5-allowable for every n and G if, it is easy to see that j^Qi(O k Ei=i f?) = 
^(EigAT^E^i^*) e co(A-) for all n. We conclude that QK^Eti/T) e and so, 

Qi(f) g flfc^c^) c 9iZ^(k). □ 

We note that the 2-convexifications T$ [(T k , fc )fcLi] and T M( m) [(-fife, 0fe)£=i] of ^[(J 7 * A)fcLi] 
and Tm( to ) [(^"fc, ^fc)^!] are weak Hilbert spaces. The proof of this is similar to the proof of the 

(2) 

analogous statement for the 2-convexifications Tg of the Tsirelson spaces T$ as presented in 
[15] (Lemma 13.5). It is an immediate consequence of Theorem 1.27 that [(T kl 6 k )f =1 \ (and 

(2) 

T^i i -.[(J r k ,9 k ) k ^ =1 ]) does not contain £2- Moreover, we can show that for sequences (0 n ) n with 
lim„^y™ = 1, no subspace of T$[{F k , k )f =1 ] (or T^^^Fk, 6 k )f =1 ]) can be isomorphic to a 
subspace of Tg 2 \ It suffices to prove the following. 

1.28 Proposition. Let < S < 1 and let (6 n ) n be a regular sequence with lim^" = 1. Let X = 
^[(^1^)™=!] or X = 7M( m )[(^ r fc,^fe)fc° = i]- Then the spaces X and T$ are totally incomparable. 

Proof: Let X = Tm^,^)^] X = T M ^[{!F kl 9 k )' k < L 1 ]. Suppose on the contrary that there exist 
normalized block sequences {xi}i in X and {yi}i in T$ which arc equivalent as basic sequences. 
Let k = minsuppyi, i = 1,2, . ... From [5] Theorem 13 we get that {xi}x is equivalent to {e^}^- 
Let mi = minsuppxi, i — 1,2,.... We choose a subsequence {i k } k of indices such that either 
In < m il < l i2 < m i2 < ... or m il < l il < m i2 < h 2 < ... In either case, using Theorem 13 [5] 
once more, we get that the basic sequences {e; ifc } and {e mifc } are equivalent in T$. We conclude that 
{e mtk }r s is equivalent to {x ik } X - 

Let now j G N and let E/cgA a k^m ik be a - special convex combination. As in Lemma 

1.12 we get that | EfeeA a k^m ik \\t s < + 6j. On the other hand, since the sequence (xi k ) k eA is 
Tj- admissible, we have that | EfceA a k x i k \\x > Qj- But the assumption lirnflV"' = 1 implies that 
S~ 3 6j — > 00. This leads to a contradiction which completes the proof. □ 

2. The Space X m ^ iU 

We give an example of a boundedly modified mixed Tsirelson space space of the form 
^M(i)[(-^fcji%)^=i] which is arbitrarily distortable. 

Definition of X M (iy u . We choose a sequence of integers (mj)°^L 1 such that mi = 2 and for j = 
2,3..., rrij > . 

We choose inductively a subsequence (F kj )°^L 01 (•^n)n : 

We set fci = 1. Suppose that kj, j — l,...,n — 1 have been chosen. Let t n be such that 
2*" > m 2 n . We set k n = t„(fc„_i + 1) + 1. 

For j = 0,1,.. ., we set Mj = T kj . We define 

X M (i),u =T M (i)[(Mj, — 
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Notation: Let T be a family of finite subsets of N. We set 

T' = {A U B : A G F, B G T, A n B = 0}. 

2.1 Definition. Given e > and j = 2, 3, . . ., an (s,j)-basic special convex combination ((e,j)- basic 
s.c.c.) relative to Xm(i), u is a vector of the form X^fceF °fc e fc such that: F G -Mj, at > 0, X^fcGF a *= = 
1, {a fe } fee F is decreasing, and, for every G G ^.( k ._ 1+1 y J2keG ak < e - 

2.2 Lemma. Let j > 2,e > 0, D be an infinite subset o/N. There exists an (e, j)-basic special 
convex combination relative to -X'm(i),uj ^ = Sfce_F a fc e fc? ™^ ^ = suppx C D. 

Proof: Since A4j = ^ (/s .i+ij+i, by Proposition 1.8 there exists a convex combination x = 
J2keF a kek with F G M 3 , F C D and such that X^eG a fc < I for a11 G e ^(fej-i+i)- Ii; is 
clear that this x is an (e,j)-basic s.c.c. relative to -^m(i),«- ^ 

In the sequel, when we refer to (e, j)-special convex combinations we always imply "relative to 

Xm(1),u" ■ 

Notation. Let X'^ = T M ^[(M' V ^)f =1 ] and let K'{n) be the norming set of X'^ n y We denote by 
| • \ n the norm of Xt n \ and by | • |* the corresponding dual norm. 
We set 

Q(n) = {supp/ : / G K'(n) and for every k G supp/, f(e k ) > — — }• 

m n+l 

Remark. Using Lemma 1.2 it is easy to see that G( n -i) C ^ r t„(fc„_ 1 +i)- It follows that if x = 
J2keF a k e k is an (e,n)- basic s.c.c. then, for all G G Q[ n _ x y J2keG ak < £ - 

We give the definition of the set if of functional that define the norm of the space Xm(i),u- 
We set if? = {±e„ : n G N} for j = 1,2,.... 

Assume that {Kf}f =l have been defined. Then, we set if™ = [f° =1 Kf, and for j = 2, 3 ... we 

set 

K n+i =K n u{ JL(f 1 + ...+ f d) : supp/l < . . . < supp/dj is ^ _ admissible 

and fi,...,fd belong to if™}, 

while for j = 1, we set 

= if™ u {!(/! + . . . + f d ) : ^ G if", d G N, d < minsuppA < . . . < minsupp/d, 

and supp/i fl supp/j =0}. 
Set if = \J%L K n . Then, the norm ||.|| of X M{1)>U is 

= sup{/(x) : / G if}. 

Notation. For j = 1,2,..., we denote by A, the set Aj = Un=i( K j\ K °)- Thcn > K = K ° u 
(U^Mi). 

We will also consider the space 7M(i)[(.Mj, ^r)jS=i]- We denote by if' the norming set of this 
space and by if'™, ifj™, Aj the subsets of if' corresponding to if™, if™ and Aj respectively. 
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2.3 Definition. A. Let m 6 N, ip e K m \K m ~ 1 . An analysis of ip is a sequence {K s (ip)}™ =0 of 
subsets of K such that: 

(1) For every s, K s (ip) consists of disjointly supported elements of K s , and U/eif s (y) SU PP-/" = 
supptp. 

(2) If / belongs to K s+1 (ip), then either / e K s (ip) or there exists an 5-allowable family (fi)f =1 
in K s (tp) such that f = + ■ ■ ■ + fd), or, for some j > 2, there exists an .M^-admissible family 

in such that / - ^-(f 1 + ■■■ + f d ). 

(3) A™fo>) = M. 

B. For 3 e the set of functional {/i, ...,/,} C *T%) such that 3 = ^-(ELi h) 

is called the decomposition of g. 

2.4 Lemma. Lef j > 2, < e < -\, M > and Zet a; = EfcLi &fc e n fe ^ e an (e,j)-basic s.c.c. 

j 

Suppose that the vectors x k = E»=i a i,fe e ni *, are sucA iftai a,^ > /or a// i, k and Ei*Li a »,fc ^ M, 
k = 1, 2, . . . , m, and m < m,i < n 2 ,i < . . . < 71^,1 < n 2 < ni j2 < n 2 . 2 < . . . ra 3 < . . . < n (m . r „. T/ien 

b(ELiMfc)l<^. #eA«>i 

(b) belongs to the norming set K'(j — 1) of T M ^[{M[, -^){Zi]; then 

/V ^, .. 2M 
\<p(}^b k x k )\ < —. 

Proof: (1) If s > j, then the estimate is obvious. 

Let s < j and ip — ^- E/=i //■ Without loss of generality we assume that (p(e ni k ) > for all 
n i-k . We set 



1 

-£> = {n»,k : E fl(e ni , k ) > — }• 

' * in _- 



We set gi = f t \ D . Then, X)f=i 5/ G ^'0' - !). and for ever y fc G SU PP(^ Ef=i 5;) w e have 
SlElLiSl(et) > > Therefore, £> - supp(£ £?=i 0l) £ ^-i)- Let B = {fc : 

there exists i with n^fe G £>}. Then £? G an d s ° ; by the Remark after Lemma 2.2, J2keB b k < 

e < -iy. We get 



— ^9i{^b k x k ) < J2 b k(J2 a i,k) <M^2 b k< 

On the other hand, 



M 

= 1 fe=l A;GB i=l 3 



(^-E/'i^kE 6 ***)^ w 



z=i J 
Hence, 

M M 2M 

¥>(> Ofc^fc) < 1 , < 

' m s mj mj m s m,j 
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(b) We assume again that ip is positive. We set L = {n iJt : <p(e„ i k ) > -^}- Then, 

3 

x - M 

p\l-{) b k x k ) < —. 

^ Ulj 

On the other hand, supp(^s|l) € and as before we get <p\l(52 bkXk) < Hence, 

x - , N , 2M 

m j 

2.5 Definition, (a) Given a block sequence (cCfe)fe g N in ^m(i),« and j > 2, a convex combination 
zCILi ^^fc. i s sa ^ ^0 be an (s, j)-special convex combination of (a;fc)fe £ N ((£, i)-s.c.c), if there exist 
h < h < ■ ■ ■ < l n such that 2 < supprz:^ < h < suppxfc 2 < h < ■ ■ ■ < suppx feri < l n , and X)"=i a i e '. 
is an (e,j)-basic s.c.c. 

(b) An (e, j)-s.c.c. X)"=i ^^fei ^ s called seminormalized if ||arfe i || = 1, i = 1,. ..,n and 



n 1 



i=l 

2.6 Lemma. Lei (a;/ s )^_ 1 &e a Wocfc sequence in Xmci),u an d J — 2, 3 . . . ; £ > 0. Then, there exists 
a normalized finite block sequence {yk\k=\ °f { x k}kLi an d a convex combination Y^k=i a kVk which 
is a seminormalized (e,j)-s.c.c. 

Proof: Using that Mj — ^ r t j (fc j _ 1 +i)+i where 2 tj > m|, the proof is similar to the proof of Lemma 
1.11. □ 

2.7 Lemma. Let j > 3 and let x = J2k=i akXk ^ e a (~^'j)~ s - c - c w here \\xk\\ < 1, k = l,...n. 

j 

Suppose tp = -±- £\ =1 fi&Ar, 2 < r < j. Let 

L = {k E {1, 2, . . . , n} : there exist at least two i\ ^ 12 £ {1, . . . , d} 
with supp/ i; fl suppxfc 7^ 0, 1 = 1, 2}. 

Then, 

( a ) WiHkeL a k x k)\ < ^r- 

(b) b(ELiw)l<^- 

Proof: (a) Let {h, . ■ . ,l n } £ -Mj be such that 2 < x\ < l\ < x^ < h < ■ ■ ■ < In- Let ^» = 
minsupp/i, i — l,...d. Then {n^ : i = l,...,d} E M r - For each fc £ L, let ife = min{i : 
supp/i intersects suppx/c}. The map k — > ni fc from L to {ni : i — l,...d} is 1-1, so #L < d. 
Moreover, ni k < Ik for each k E L, so {Ik : fc £ L} belongs to A4 r . It follows that Efeei flfc < "^T 
and so, 



a fe a: fe )| < V a fe ||x fe || < — 
z — / z — t m 

keL keL 

(b) Let P = {1, . . . , n}\L and, for each i = 1, . . . , d, let 
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Pi = {k G P : suppxfe n supp/j ^ 0}. Then 

" i d 112 

\ip(S^a k x k )\ < — y^\fi(Yl a kx k )\ + y^a k \\x k \\ < 1 j < — . □ 

k=l i=l kePi keL 3 

In the sequel we shall write K -< if if X is a subset of X satisfying the following. 

(i) For every / G K there exists an analysis {if s (/)} such that Uif s (/) C X. 

(ii) If / £ K then -/ G K and /|[m, n] G K for all m < n G N. 

(hi) If (fi)f =1 is an 5-allowable family in if then i X)f=i fi belongs to if. 

For if -< if we denote by || • ||^ the norm induced by if: 

Nltf = sup{/(s) =/e A - } 

The results that follow involve a subset if of if having the properties mentioned above. For the 
purposes of this section we only need these results with if = if . However, we find it convenient to 
present them now in the more general formulation that we will need in Section 3. 

2.8 Definition. Let if -< if . A finite block sequence (x k )^ =1 is said to be a rapidly increasing 
sequence (R.I.S.) with respect to if if there exist integers ji, ■ ■ ■ ,j n satisfying the following: 

(i) 2 < ji < j 2 < ■ ■ ■ < jn- 

(ii) Each x k is a seminormalized ( — ^,j k )-s.c.c. with respect to if. That is, x k is a ( — : j-, j k )-s.c.c. 
of the form x k = 2~^t a (M) x (M) where ||#(fc,t)||^ = 1 for each t, and ||a;fc||/> > \- 

(hi) For k = 1, 2, . . . , n, let l k = maxsuppxfc and let n k G N be such that 

h < 1 
2 nfc m jh ■ 

We set 

Xk = {/ G if : supp/ G [l,l k ] and |/(e m )| > — for every m G supp/}. 
Then j^+i is such that rrij k+1 > #0 Xk and x^+i satisfies minsuppx^+i > jj=0 Xk . 
(iv) \\x k \\ tl < m,' H1 /nij Hr i. 

Notation. If <p G if \if then is of the form <p = — 5Z i=1 /i, where either r = 1 and (/j)f =1 is an 
5-allowable family of functionals in if , or r > 2 and (fi)f =1 is a Al r -admissible family of functionals 
in if. In either case we set w(ip) = ^- (the weight of </?). That is, w((p) = if and only if <p G A-. 

The following Proposition is the central result of this section: 

2.9 Proposition. Let if -< if. Let (xfc)5J =1 &e a R.I.S. with respect to if and let G if. T/iere 
exists a functional ip G if' wif/i tu(<^) = u>(^) and vectors u k , k — 2,...,n, with \\u k \\i 1 < 16 and 
suppufc c supprrfc for each k, such that 

n n n ^ 

\<p(y] X k x k )\ < max |A fc | + ipiY] \X k \u k ) + 6 V" |A fe | 

fe=l fe=2 k=l Jfc 
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for every choice of coefficients Ai, . . . , A„ G R. 

As it follows from the above statement, we reduce the estimation of the action of tp on the 
R.I.S. {xk}k to the estimation of the action of the functional tp on a finite block sequence {uk}k of 
subconvex combinations of the basic vectors. The construction of the functional ip and the finite 
block sequence {uk}k will be done in several steps. We describe this process briefly: 

We fix an analysis {K s (tp)} of the functional tp. We first replace each vector Xk by its 'essential 
part' relative to tp, denoted by Xk- Next, for each Xk we consider certain families of functionals in 
L)K s (ip) which fall under two types (families of type I and type II, Definition 2.11). These families 
yield a partition of the support of Xk ■ The restriction from Xk to Xk gives us a control on the number 
of families of type I and type II which act on each Xk (Lemma 2.13). Fixing k, to each such family of 
functionals acting on ~x k , we correspond a subconvex combination of the basis and the sum of these 
combinations is the vector Uk- The functional ip is defined inductively, following the analysis of the 
functional tp. 

From now on we fix the R.I.S. (xk) k=1 and the functional tp of Proposition 2.9. We also fix 
an analysis {K s (tp)} of tp contained in K. We first partition each vector Xk into three disjointly 
supported vectors x' k , x' k and Xk] this partition depends on the analysis {K s (tp)}. 

Let 

Fk = {/ G UK s (tp) : supp/ n suppxfe ^ 0, supp/ fl suppXj ^ for some j > k 

and w(f) < l/m jk+1 }. 

We set A k = U feFk suppf and x' k = x k \A k . 
Let now 

F' k = {f e UK s (tp) : |/(e m )| < l/2 n " for every m e supp/ n supp(a; fc - x' k ) 

and supp/ n supp (a; j — x'j) ^ for some j > k}. 

We set A' k = U /ei ^supp/ and x' k ' = (x k - x' k )\A' k . 
Finally, x k = x k - x' k - x' k 

2.10 Lemma. For tp(x' k ) and tp(x k ) we have the following estimates: 

(1) \tp{x' k )\ < — and (2) |^(4')| < l/m jk . 

"ijfc+i-i 

Proof: To see (1), let us call an / e Fk maximal if there is no /' ^ / in Fk such that supp/ C supp/'. 
The maximal elements of Fk have disjoint supports. So, 



/ maximal in Fj~ f 



by property (iv) of the R.I.S. 

For (2), we notice that for every n e suppx' fe ' we have |<p(e n )| < l/2" fc , hence 

, ( xn < Hk < maxsuppxfc J_ 
i^v fc^i - 2™fc ~ 2"^ m ifc 
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Remarks: (1) By the definition of x' k and x' k we have x' n = x" = 0, since x n is the last element of 
(a*)?- 

(2) If / E UK s (ip) and 1 < k < I < n are such that supp/ n suppa^ ^ and supp/ fl supprr; ^ 
then io(/) > ^— — and there exists to e suppa^ such that |/(e TO )| > -^Fk- 

2.11 Definition of the families of type I and type II w.r.t. Xk- 

Without loss of generality, we assume that supptp n supp/i ^ 0. Let k E {2, ... n} be fixed. 

(A) A set of functionals F = {/i, ...,//} contained in some level K s (ip) of the analysis of ip is 
said to be a family of type-I with respect to Xk if 

(Al) supp/i fl supp^fc ^ and supp/i fl suppxj = for every j ^ k and every i = 1, 2, . . . , I. 

(A2) There exists g E if s+1 (</?) such that /i, . . . , /; belong to the decomposition of g and suppgfl 
suppafj 7^ for some j < k. Moreover, F is the maximal subset of the decomposition of g with 
property Al; that is, g = ^-(X)f=i hi + X^=i where, for each i = 1, . . . ,d, either supp/ii n 
suppxk = or supp/ii fl suppafj ^ for some j ^ k. 

(B) A set of functionals F — {/i, . . . , f m } contained in some level K s (ip) of the analysis of ip is 
said to be a family of type-II with respect to Xk if 

(Bl) supp/i H supp^fe 7^ 0, supp/i H supp^j = for every j < k and every i = 1, 2, . . . , to, and 
for every i = 1,2,..., m we can find > k such that supp/i H suppa;^ 7^ 0. 

(B2) There exists g E K s+1 (<p) such that /i,...,/ m belong to the decomposition of 5 and 
suppg fl suppxj 7^ for some j < k. Moreover, F is the maximal subset of the decomposition 
of g with property Bl; that is, g = ^-(X^iLi hi + Eti /»)> wnere j for each i = 1, . . . ,d, cither 
supp/ii fl suppsfe = or supp/ii fl suppafj 7^ for some j < k or supp/ij n suppaf, = for all j ^ k. 

Remarks: (1) It is easy to see that for k = 2, 3, . . . , n, 

suppaffc fl snppip = suppaffc n ^J{U/ £ irsupp/ : F is a family of type I or type II w.r.t. Xk}- 

(2) Let k be fixed. If each of the families {/1, . . . , fi} and {/{, . . . , /^} is of type I or of type II 
w.r.t. Xk and they are not identical, then, for all i < I, j < to, supp/i fl supp/j = 0. 

(3) Let F be a family of type I or type II w.r.t. Xk and let gF be the functional in UK s (<p) 
which contains F in its decomposition. Then gp intersects Xj for some j < k. By Remark (2) after 
Lemma 2.10 this implies that w(gp) > — • 

2.12 Lemma. Let 2 < k < n. If f is a member of a family of type-I or type-II with respect to Xk, 
then there exist sets Akj,A' k j C supp/ satisfying 

1/(4)1 < —^—\\xk\A kJ \W and 
m jk+i 

1/(401 < ^INk,, Ik- 

Moreover, if f and f are two distinct such functionals then Akj CiAkj> = and A' k j nA' k j, = 0. 

Proof: If /(4) then, by the definition of x' k , either there exists g E Fk with supp/ C suppg 
or there exists g E Fk with suppg C supp/. But the first case is impossible because then we would 
have supp/ fl suppx^ C suppx' fe and so supp/ n suppx/j = 0. So, if we set 

A k,f = [J{snppg n suppx fc : g E F k and suppg C supp/}, 
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then f(x' k ) = f(x k \A kJ ). This gives 

1/(4)1 < -?—\\xk\A k ,f\\ tl . 

In the same way, if f(x'l) / Owe set 

A 'k,f = U"L supP5 n su PP( x fe ~ x 'k) '■ 9 e F 'k and SU PP.9 C supp./}. 
Then /«) = f(x k \A' kJ ), so 

1/(401 < ^II^K/lk- 

The disjointness follows from the preceding Remark (2). □ 

2.13 Lemma. Let k = 2, 3, . . . , n. Then, 

(a) The number of families of type I w.r.t x k is less than minsuppxfc. 

(b) The number of families of type II w.r.t x k is less than minsuppx^. 

Proof: (a) For each family F of type I w.r.t x k let gF be the (unique) functional in UK s (cp) which 
contains F in its decomposition. 

By the maximality of F in the decomposition of gF, it is clear that if F ^ F' are two families of 
type I then gF ^ gF' ■ Since both gF and gF' are elements of the analysis of ip, it follows that cither 
supp^F C snppgF' or supp^F' C suppgF or supp<?F n supp^F' = 0- In cither case gp{e k ) ^ gF'{e k ) 
for all k. Moreover, for each F, gF has the property that supp^F H suppxi ^ for some i < k. Let 
ip = min{i : suppgF H supply ^ 0}. It follows from Remark 2 after Lemma 2.10 that there exists 
nip in suppafi F with |<7F(e mF )| > l/2 ni F . 

So, for each family F of type I w.r.t x k , we set hp = g\{ mF } G K. The map F — > hp is one to 
one; moreover, each /if belongs to Xk (see Definition 2.8). 

It follows that 

#{F : F is a family of type I w.r.t x k } < #0 Xk < minsuppxfc+i. 
(b) The proof is the same as that of part (a) . □ 

Notation: For each k = 2, 3, . . . , n, we classify the families of type-I and type-II into four classes 
according to the weight w(gp) of the functional gF which contains each family F in its decomposition. 
We set: 

{F : F is a family of type I w.r.t x k and w{gp) = i}, 
{F : F is a family of type I w.r.t x k and w(gp) < -}, 
{F : F is a family of type II w.r.t x k and u>(<7f) = -^}, 
{F : F is a family of type II w.r.t x k and w(<?f) < t:}- 



B x k = 

Cx k = 
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Remarks: (1) If F G D% k , then F is a singleton, i.e. F = {/}. Because, if g F — ^-(Yl + fi) 
where s > 1 and F = {fi, . . . , f m }, then /i < f 2 < ■ ■ ■ < / TO , and each supp/i intersects suppx fe and 
supply for some ji > fc. This is impossible unless m = 1. 

(2) If /' < / < /" belong to Uif s (^) and there exists a family of type II w.r.t Xk which is 
contained in the analysis of /, then supp/' n suppaffe = and supp/" n suppaffe = 0. 

Notation. 

A. Each Xk is a seminormalized (— jfc)-s.c.c of the form 

r k 

X k = y^«(fc,t)£(fc,t), 
t=l 

where a (feit) > 0, Et a (M) = 1 and \\ x (k,t) Wk = 1 - 
For each k = 1, . . . , n, t = 1, . . . , rk, we set 

X (M) — a; (fe,t)|suppx fc - 

B. Fix fc G {2, . . . , n}. If / G UK s (ip) is a member of a family of type I or type II w.r.t Xk, we 

set 

fif = min(suppx fc n supp/) and e/ = e n/ . 
Also, if F = {/i, ...,/;} is a family of type I or type II w.r.t Xk, then we set 

«F = min(suppx fc n (Ll' =1 supp/j)) and e F — e„ F . 

For F = {A, ...,/;} G U CW fc we set 

ft F = ^(/i + . . . + fi) and a F = \2h F {x k )\- 

For {/} G D^ k we set 

«/ = l/(^fe)l- 

Finally, if F G B^ k , for every / G F we set 

0/ = {t : supp/ fl suppx( fe t j 7^ and suppft, n suppx^ ^ = for every h ^ f in F} 

and 

«/ = a (M) !/(%,*)) I- 
ten/ 

C. For each fc = 2, 3, . . . , n we define 

u k= a f e f+ H a F e F + J2 a f e f- 

U}tD- h F^- k UC- k FEB- k feF 

2.14 Lemma. For k = 2, 3, . . . , n, 

w\w = a f+ Y °-f+ Y Y a f- 16 - 

{f}£D- k FeA- k vjc- k FeB- kf eF 
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Proof: For each / with {/} £ D^ k , set Sf = sign(f(x k )). Then, 

E «/= E i/(^)i= E *//(**) 
= E E E £ //(4) 

U> eD - fc W> eZ5 - fc 

< E ^f(^)+ E E 1/(^)1 

{/}6-D- fc 

< E £ f f{Xk) + ^~ E ii a; fck,/ii<i + 2^ E iNkjk. 

{/}eu- fc Jfc+1 {/}e-D- fc {f}^ D ~ k 

where the last inequality follows from Lemma 2.12. From the same lemma and Definition 2.8 we get 

— — E INU^Ik < — — Ikfclk < — 

m 3k+l yy &D _ m jk+l m jk 

and ^ 

a* I A' Ik < T^rlkfclk < < — ■ 



- E 



{/}ec- 



For every / £ K we have that £//|[minsup P £c fe ,oo) G Also, by Remark (2) following Definition 2.11, 
we have that if / ^ /' and both {/} and {/'} are families of type II w.r.t Wk, then supp/Dsupp/' = 0. 
By Lemma 2.13 we have #Dx k < minsupp.T/ £ . It follows that the set {£//|[ m in(suppiE fc ),oo) : {/} € 
Dx k } is 5-allowable, and so the functional | 2~^{/}eD- £ //[min(suppx fe ),oo) belongs to K. We conclude 
that \\Y, £ ff( x k)\ < \\xk\\ic ^ !. and so ' 

W E «/<2 + -^<3- 

For F G C^ fc we set e F = signh F (xk)- Then, 

E ap = E \ 2h F(xk)\ = 2 E £Fh F (xk) 

= 2 (E £Fh F {x k ) - E £f^f(4) - E e F h F (x'K)^ 

<2 ^ ^Mz fe ) + 2 E E i/(4)i + 2 E E i/(4)i 

Fec- fc Fec- fc feF F ec- k feF 

2 ^ e F ^(a:fc) + - E E Nk,, Ik + E H^kjk 

Fee-,, ^ Fee- /eF FeC- 



4 



<2 E £ fM^) + 
Fee-,. 
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again by Lemma 2.12. On the other hand, for F = {/i, ...,/;} G Cx k , h F = \{f\ +■■■ + //) E K 
and SFfiF E By Lemma 2.13 we have that #Cx k < minsuppxfc and by Remark (2) after 2.11 
we have that the functionals h F , F E C^ k , are disjointly supported. We conclude that the set 
{M[minsup P z fc ,oo) : F E C^ k } is <S-allowable and so, the functional \ Y,Fec- £ Fh F \ 

[minsupp:c fc ,oo) 

~ x fc 

belongs to K and 

| ^ e F h F {x k )\ <2\\x k \\ <2. 

We conclude that 

(2) V a F < 4+ — < 5. 



In the same way we get 



(3) ^ a F < 5. 

Finally, we have 

E E a / = E Z Z a (M) i 

FeB^feF FeB ^ k feFtm f 

^ E E E°(m)(IMm))I + I/(<m))I + I/Km))|)- 

-Pe-B-fc feFten f 
For each F 6 and f E F we have 

E a (M)liV(fc,t))l < - — INU^Ik 

ten f m ^+! 

and 

E «(m)I/Km))I ^ 2^ii a; fck, / ii«i- 

Since the sets A k j, f E U Fe b- F are disjoint, we get 



w E E E a (k,t)\f( x {k,t))\ < -^—w^hi < 

In a similar way, 



TTl ' 



( u ) E E E a (M)i/H'M))i ^ iiM^i < z^- 

FeB- k f^Fteiif 3k 

It remains to estimate 

E E E imm))!- 

^6% feFteQf 
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For each F £ B^ k and t G U/ e p-Q/, let / t F be the unique element of F with ff(x^,t)) ^ 0. Let also, 
fii? = Llf e pQf and = Uf? e .B_ Q.f. Then, 

X X X a (fe,«)l/( x (^t))l = X XI ^fe^l/Z'^cM))! 

FeS 5 fc feFten f Fes- fc ten F 

= X a (M) X l/fC^M))!- 

ten FeB 7 

Fix tgft. For each F £ B% k , we set Ef = sig n fF(%(k,t))- Since < minsuppx^, the functional 

[min suppxfc ,00) 

belongs to K. So, we get 

X lif (*(M))I = W*(k,t)) < 2\\x(k,t)\\ = 2. 

We conclude that 



(iii) X a (M) X l/fO^M))! < 2 X a (M) < 2 - 

ten FeB- ten 

Finally, by (i), (ii) and (iii), 

W X E a /^ 2 + ^< 3 - 

FeB- k feF 

Combining (1), (2), (3), (4) we get the desired estimate for . □ 

2.15 Lemma. There exists a functional ip £ K' with w(tp) = w(ip) and such that, for k = 2, . . . , n, 

2 

\<p(xk)\ < ip(uk) H • 

m jk 

Proof: We build the functional inductively, following the way ip is built by the analysis L)K s (ip). 
We first introduce some more notation: For / £ UK s (ip), we set 

K(f) = {/' e UK S ( V ) : supp/' C supp/}, 

that is, K (/) is the analysis of / induced by UK s (ip). 
For / = ^- J2i=i fi and eacn = 2, . . . , n, we set 

l[ = {i £ {1, . . . , d} : fi is an element of a family of type I w.r.t Xk}, 

j[ = {i £ {1, . . . , d} : ft is an clement of a family of type II w.r.t. xk}, 
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and 

A;£ = {i G {1, . . . , d} : K(fi) contains a family of type I or type II w.r.t. Xj.}. 

We also set 

n n n 

and 

n 

Df = ^JjU/'girsupp/' : F is a family of type I or type II 

fc=2 

w.r.t. x k and F C if (/)}• 
Let k = 2, . . . , n and let F be a family in Bx k • We set 

Lf = {t : there exist at least two functional h,h' G i* 1 such that 

supp/i n suppx^^ 7^ and supp/i fl suppa^j. t ) 7^ 0}. 
Let gp be the functional in UK s (ip) which contains the family F in its decomposition. We set 

C F = w(g F )\ a (M) E /(%,*))!• 

t<EL F f£F 

Finally, for / e UK s (<p) we set B k (f) = {F G B^ k : F C if (/)}. 

By induction on s = 0, . . . , m, for every / G K s {tp) we shall construct a functional V>/ £ if' such 
that: 

If D f = 0, then ip f = 0. 

If Df ^ 0, then f/'/ has the following properties: 

(a) suppipf C Df C supp/. 

(b) For each fc = 2, . . . , n, 

i/(^i^)i <^/(«*)+ X! 

FeB k (f) 

(c) w(>/) = «;(/). 

Suppose that V/ has been defined for all / G U^if*^). Let / = ±- Y? i=1 fi € if%)\if 
be such that D s ±%. 

Case 1: tu(/) = — < i. 
Then we set 

By the inductive assumption, property (a) is satisfied. 

We note that the sets A-^ and jl are not disjoint. If i G j[ then i G for some m > k. In 
this case, supp^ C Dy^ C [min suppaffc+i , oo), while suppe^-. = G supprrfc. It follows that 
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Fix now k <G {2, . . . , n}. Since w(f) < |, we have /i < / 2 < . . . < /d, so each of the sets j[ and 
A{ is either empty or a singleton. Suppose that A{ = {ii} and j[ = {12}- Then, 

\f{Xk\D;)\ = —\fh{xk\D f ) + E fi(xk) + fi 2 {xk)\ 

< ^-\fiAxk\ D} )\ + E M 3 *)! + ^-1/^(^)1- 



m„ 

ieil 



We have 
(1) 



^-\fiAxk\n f )\<^-U Si M)+ E C A 

171(1 V ^(/n) / 



by the inductive assumption. Also, 

( 2 ) ^ l/j2 ^ fc)l = ^Jf^MJefJ = ^- q e k( a fi2 e fJ = ^4 2 M- 

Finally, let G — {fi : i G l[} be the family of type I w.r.t. Xk contained in the decomposition of 
/. Then, ' 

— 1 E = — 1 E /i(E a (fc.*)%.*))i 

9 f '"'9 f 1 



= ^-iE E °(M)/i( a; (M))+ E a (fe,*)(E /^(^(M))! 

<^E E «(M)l/i(%,t))| + ^-| E a (M)(E /<(*(*■*)) I 
m «A€Gten /4 m « tGL G / 4 €G 

rE a /< + ^4E «/.e/,(e/,) + c G = -^E 4K) + 



So, 

(3) —IE < — E 4K) + c c 

From (1), (2) and (3) we conclude that property (b) holds for tpf, that is, 

|/(«fc|D / )|<^/(«fc)+ E Cp - 
FeB k (f) 

It remains to show that ipf e K' . We have to show that the set 

{ip fi : i £ A f } U {e} s : i E I f U J f } 
is .Mg-admissible. For i — 1, . . . , d, let = min(supp/,). Then, {r^ : i = 1, . . . , d} e M q . 
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To each i G corresponds the vector with r, < e*j. < r^+i. 

If i G J^, theni G also, so to it correspond two vectors ej. and^ with r, < ej. < V/i < 
Finally, if i G Af\jf, then to it corresponds the vector with r, < V/» < r i+i- 
It follows from these relations that the family 

{tp fi :ieA f }U{e* f . : i e I f U J f } 

is .M g -admissible, and since V/ i5 ej. 6 K', we get V/ S 
Case 2: tu(/) = — = i. 

For each fc = 2, . . . , n, let = {/, : i G } be the family of type I w.r.t. x k contained in the 
decomposition of /, and let ^ = {/, : i 6 j(} be the family of type II w.r.t. x k contained in the 
decomposition of /. We set 



Then, for each k, 



\ie\f k=2 J 



\m\ D ,)\ = JiE MZkfrf) + E + E •»)!• 



tell 



ieJt 



We have 



h^fi(Xk\D f )\<^\fi{x k \ Df )\<l^^ ft (u k )+^ J2 C ?- 



ieA { F€iS t (/,) 



Also, 



and 



E ^( Sfe )l = l ft i^ 2 fc (^fe)l e k*(ejr fc ) = \e F k{u k ). 



We conclude that 



|/(3*M<2 



cf=v/K)+ e 

FeB k (f) F£B k (f) 



It remains to show that tpf belongs to K' . We need to show that the family 
B = {ip fi : i G A / } U {e* F H : fc = 2, . . . , n} U {e^ : fc = 2, . . . , n} 

is <S'-allowable. 
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We have suppV'/; C Df t C supp/i for each i £ and suppe F k = {n F k} C U{supp/j : /j £ 
F-f } (~1 suppxfe and the same is true for e F 2 . Also, if /, belongs to a family F% , then Df t C\ suppWk = 0, 
while n F k £ suppx/j . Finally, we clearly have e* k ^ e* k . 

The above remarks imply that the functional in B are disjointly supported. Moreover, it is easy 
to see that 

#B<2d = 2(#{/ i: * = l,...,d}). 
We conclude that the family B is ^'-allowable, and thus ipf £ K' . 
This completes the inductive step. Of course, we set ip — 

Then, D v = supptp n (U^ =2 suppSfe) (see Remark (1) following Definition 2.11), and by the 
inductive assumption (b) we get: For each k = 2, . . . , n, 



\<fi(x k )\ < i>(u k ) + Cp - 



F£B— 

k 

To complete the proof of the Lemma it remains to show that, for each k = 2, . . . , n, 

2 



FeB- 

We have 



E °f= E w(9f)\ a (k ,t)J2 f(x {k ,t))\- 
For each F £ B% kl setting x'^ k ^ = x^ kt ^ |suppx' fc and x" k ^ = x^ kt ^ |suppx' fc ', we have 



*eiF /eF teL F /eF 

+ EE l/(°(M) a! (M))l + S S l/(°(fc,t)a5(fc,t))l- 

t£L F f£F t£L F f£F 

Using Lemma 2.12 we get 

I E a (M) E /(%,*))! ^ I E a (M) E /( x (fe,*)) 

tS-Lp f£F t£L F f£F 

+ E E n°(fc,t) a: (fc,t)k./ii<i + E E ^w^k^ik^iA^je, 

t£L F f£F Jk + 1 t£L F f£F 

tei F /eF /eF z /eF 

To estimate 

w(g F )\ E a (M) S ^(M))!' 

t£L F f£F 

we use Remark (3) after 2.11. According to this Remark, w{gp) > and so, g F £ A r for some 
1 < r < j k . Let g F = w(g F ) £\ =1 /j where /i < / 2 < . . . < // and suppose ii = min{i : /, £ F} 
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and i 2 = max{i : /j G F}. We set F — {/ 4 : i x < i < i 2 }. The family F contains F but might also 
contain some junctionals fa with ,fi(x k ) ^ but fi(x k ) = 0. Since F is closed under projections onto 
intervals, the functional w(<7f) E/gf / belongs to ^4 r n if. Applying Lemma 2.7 (a) (in fact, since 
our assumption is \\x( k t ) \\^ < 1, we use the analogue of this Lemma for the space with norm || • || ^) 
we get that 

w(9f)\ E f( x (k,t))\ < —r- 

t£L F f£F • )k 

Notice that C F := w(g F )\ E te z, F a (k,t) E/eF /(%,*)) I = w (9f)\ J2teL F a (M) E/gf /(%,t))l and 
also that Lemma 2.12 remains true for f E F. 
We conclude that for each i* 1 G £>j fe , 

C F = w(5f)| ^ o (fcit ) /(%,*))! ^ ^Jr + E II^K/II^ + E H^k,, Ik- 

t6iF / 6 F jk+1 f£F f£F 

Now, we add over all F G i?j fc . By Lemma 2.13, < mj fc . Also, by Lemma 2.12 we have 

that the sets A k j, f G Ufgb-^F are mutually disjoint, and the same is true for the sets A' k j. We 
conclude that 

E ^<^ + ^IM^ + ^Mk 

FEB- 3 k m 3k+l Z 

x k 

1112 

< -^T- + + < 

m 3k m 3H+i-l mjk m 3k 

by Definition 2.8. This completes the proof of the Lemma. □ 

Proof of Proposition 2.9. 

Recall (Definition 2.11) that for our intermediate lemmas we have assumed that supp^flsuppxi ^ 
0. If this is not true, then we can set fco = minjfc : suppc/? PI suppaffc ^ 0} and construct in the same 
way Wfe's, fc = fco + 1, . . . , n, and tp supported on U k=ko+1 suppu k , such that 

2 

\<p{xk)\ < ^(uk) + , k = k Q + l,...,n. 

m 3k 

Setting u k = 0, for k = 2, . . . , fco we have 

n n n 2 

\ip(^2\ k x k )\ < |A feo | \ip(x ko )\ + iP(J2\X k \u k ) + J2\ x k\ — 

fe=l fe=2 k=2 mjk 



for any choice of coefficients (Xk) k= i- 
For ¥>(Efc=i ^kXk) we have 



l^(E A <^)l < KE A ^)l + El A ^l (M4)l + lv(4')l)- 



fc=l fc=l k=l 

Using the previous estimate and Lemma 2.10 we get 



n n n ^ 

\<p(%2 A fc x fc )| < |A fco ||(^(x feo )|+V(El Afe l Ufe ) + 4 El Afc | — 

fe=l fc=2 fe=l 
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|A fe0 | {\ V {x ko )\ + |^KJ| + \ v (x'l Q )\) + |A fc |«fc) +4^ |A fe | — 

k=2 fc=l 
n n ^ 

< lAfcoi ii^ iiK+^(Ei Afe i ufc )+ 6 Ei Afc i — 

fc=2 fc=l mjfc 

n n \ 

< max |A fc |+V(V|Afe|u fe ) + 6V|A fe | . □ 

Kk<n A — ' ' — ' miV 



k=2 fe=l "' 



2.16 Definition. Let j > 2, e > 0. An (e, j)-special convex combination X^fe=i ^fe^fc is called an 
(e, j)-R.I.s.c.c. w.r.t. AT if the sequence {x k ) k=1 is a R.I.S. w.r.t. ^ and the corresponding integers 
(jfe)fc=i satisfy j + 2 < ji < . . . < j n . 

2.17 Corollary. IfY^k=i ^k^k is a (-^, j)-R.I.s.c.c. w.r.t. K and ip e K with w{ip) — then 

rrij s 

(a) \fC^b k x k )\ <2b x -\ , ifs>j. 

" 33 
\ip(S2,bkX k )\ < , if s < j. 

(b) ^-^iiE^ii^^- 



Proof: (a) Recall that the sequence (b k ) k=1 is decreasing. By Proposition 2.9, 

n n n ^ 

|<p(^ Mfc)| < &i + hkUk ^> + 6 E — 7' 

fc=l k=2 k=l mjk 

where ip e K' with w(?/>) = w(ip) — s and || Wfe < 16. By Lemma 2.4 we get 

16 



\<p(%2b k x k )\ <2fei + 
fe=i 

for s> j, and 

™ 32 33 

|<^(V 6 fc ar fc )| < 2&i + < 

' m s m, m s mj 

k=l J J 

for s < j. 

(b) The upper estimate follows from (a). The lower estimate is a consequence of the fact that 
ll^fellx — \ an( i the sequence (x k ) k=2 is .Mj- admissible. □ 

2.18 Theorem. The space X M ^y u is arbitrarily distortable. 

Proof: It follows from Lemmas 2.2 and 2.6 that for every j > 2 every block subspace Y contains a 
(^y,j)-R.I.s.c.c. w.r.t. K. 
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Fix i G N large and define an equivalent norm |||.||| on -X"m(i),u by 

INII = +snp{ip(x) : p G A }- 



Let y be a block subspace and let y = ^dkUk G Y be a (-t-, j)-R.I.s.c.c. for some j > io, and 
z = bizi G Y be a (— io)-R.Ls.c.c. Then, by Corollary 2.f6, 

17 33 50 1 
|| K. y ||| <— + — = — and || mjy || > -. 

On the other hand, 

IH^ic^H > j and ll m *o z ll < 17 - 
This shows that |||.||| is a jp-"ii -distortion. Since z was arbitrary, this completes the proof. □ 

The following Remarks on the proof of Proposition 2.9 will be used in the next Section. 

2.19 Remark: Let ip, Xk, tp, Uk be as in Proposition 2.9. It follows from the proof of Lemma 2.15 
that the functional ip which is constructed inductively folowing the analysis {K s (ip)} of ip satisfies 
the following properties. 

(a) There exists an analysis {K s (tp)} of ip contained in K' such that, for every g G UK s (ip) there 
exists a unique / G UK s ((p) with g = tpf, moreover, if g $ K° then w(f) = w(g). 

(b) The functional tp is supported in the set 

L = {e/ : / G L){F : F is a family of type I or II w.r.t. some 3;^}} . 

Moreover, for k = 2, . . . , n and for every family F of type I or II w.r.t. Xk, if we set Vf = U /e Fsupp/ 
and Wf — {e/ : / G F} we have 

Mvp(^fc)| < ip\w F ( u k) + C F 

where we have set Cf = if F B^ k ■ 

(c) Let <^2 = <p\J for some JcN. Assume further that ip2 has the following property: 

For every k = 2, . . . ,n and every family F = . . . , /;} C UK s (tp) of type I or II w.r.t. Wk, 
either fi\j(x k ) = for all i = 1, . . . ,1 or fi\j(x k ) = fi(x k ) for all i = 1, . . . , I. 
For k = 2, . . . , n, we let 

Lk = {e/ : / belongs to some family of type I or II w.r.t. x~k and supp/ fl J ^ 0} 

and we set ^2 = ^1 U^ =2 ife- Then it follows from (b) that 

\<P2(xk)\ < foiuk) + — , k = 2,...,n. 
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3. The space X. 

We pass now to the construction of a space X not containing any unconditional basic sequence. 
It is based on the modification X M ^ tU . Let K = U„ Uj K™ be the norming set of the space ^m(i). it- 
Consider the countable set 

G = {{x* ll . . . , x* k ) : k G N, x* 6 K, i = 1, . . . , k and x\ < x 2 < . . . < x* k }. 

There exists a one to one function $ : G — > {2j}°^ 1 such that for every (or*, ... , a;£) G G, if ji 
is minimal such that G .A^ and ji = ${x\, . . . , a;*_i)j I = 2, 3, . . . , k, then 

■■■,x*k)> max{ji, . . . ,j k }. 

Definition of the space X. For n = 0, 1, 2, . . . , we define by induction sets {L^}^L 1 such that L™ 
is a subset of K™. 

For j = 1, 2, . . ., we set L° = {±e„ : n G N}. Suppose that {L r -}^L 1 have been defined. We set 
L n = Uf =1 L™ and 

= ±L? U + ... + .<): d G N, .t* G L n , 

d < minsuppx* < . . . < minsuppx^, suppx* (~l suppx;* = for i =^ Z}, 

and for j > 1, 



L^ 1 = ±L£ U{^+... + ^):deN, x* G L", 



1 

(suppa^, . . . , suppx^) is .A4 2 j — admissible}, 



L'^+l = ±L" +1 U {— !— (si + . . . + x* d ) : d G N, x{ G Z£ fc for some k > 2j + 1, 
G iJ( x » i ... ;X r ) for 1 < i < d and (suppa^, . . . , suppa;^) is A^j+i — admissible}, 

^7+1 = {E.x* : x* G L' 2 ?#,8 eN,£, = { M + l,. •}}• 

This completes the definition of i™, n = 0, 1, 2, . . ., j = 1, 2, . . . It is obvious that each L™ is a subset 
of the corresponding set K™. 

We set Bj — U^ =1 (LJ\L°) and we consider the norm on c 00 defined by the set L = L°U(U ! jL 1 Bj). 
The space X is the completion of coo under this norm. It is easy to see that {e„}^ 1 is a bimonotone 
basis for X. 

Remark: The norming set L is closed under projections onto intervals, and has the property that 

for every j and every -M 2j — admissible family /1, / 2 , . . . fd contained in L, H h fd) belongs 

to L. It follows that for every j = 1, 2, . . . and every M 2 j -admissible family x\ < x 2 < ■ ■ ■ < x n in 

coo, 

n _^ n 

For the same reason, for tS-admissiblc families x\ < X2 < ■ . . < x n , we have 



n ^ n 

fe=l fc=l 
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We note however that such a relation is not true for S-allowable families (xj). Of course, if it were 
true, it would immediately imply that the basis {e„} is unconditional. 

For e > 0, j = 2, . . ., (e, j)-special convex combinations are defined in X exactly as in X M ^ U 
(Definition 2.5). Rapidly increasing sequences and (e, j)-R.I. special convex combinations in X are 
defined by Definitions 2.8 and 2.16 respectively, with K = L. 

By the previous Remark we get the following. 

3.1 Lemma. For j = 2, 3, . . . and every normalized block sequence {xk}^ =1 in X , there exists a finite 
normalized block sequence {y s }™ =1 of {x k } such that Y^=i a sUs « s a seminormalized (-^,j)-s.c.c. 
□ 

By Corollary 2.17, we have: 

3.2 Proposition. Let J2k=i b kyk be a (-ly, j)-R.I.s.c.c. in X. Then, fori G N, ip £ £> i; we have 
the following: 

" 33 

(a) \<p(%2 b kVk)\ < — — , if * < j 

1 1 i j / 1 1 j 

k—l J 



16 

(b) \<p(Y J b k y k )\<— + 2b 1 , if * > j. 

In particular, || X)£ =1 6fc2/fc|| < □ 

3.3 Proposition. Let j > 100. Suppose that {jk} k =i> { y k}k=i> {v k } k =i an< ^ i^k} k=1 are su °h that 

(i) There exists a rapidly increasing sequence (w.r.t. X) 

{x(k,i) ■ k = 1, . . . ,n, i = 1, . . . ,n k } 
with X( k ,i) < X(k,i+i) < X(k+i,i) for all k < n, i < n k , I < n k +i, such that: 

(a) Each X( k ,i) * s a seminormalized (— j- — ,j( kt i))-s.c.c. where, for each k, 2j k + 2 < j(k,i) 1 i = 
l,...n k . 

(b) Eachy k is a (-4—,2j k )- R.I.s.c.c. of {x(k,i)}"±i of the form y k = E™=1 ^M^M) ■ 

(c) There exists a decreasing sequence {b k } k=1 such that Y^k=i °kVk is a {—r — , 2j + l)-s.c.c. 

(ii) y* k G L 2jk , yliVk) > and suppy* k C [minsuppj/ fc ,maxsuppj/ fc ]. 

(iii) jj <0 k <4 and y* k (m 2 j k 6 k y k ) = 1. 

(iv) ji > 2j + 1 and 2j k = . . ..j/j^), k = 2,...,n. 
Let e k = (-l) fe+ \, fc = 1, . . . n. Then, 

300 



\y^e k b k 6 k m2j k yk\\ < , 

k=l TO 2 3 + 1 
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Before presenting the proof of Proposition 3.3 let us show how from it the main result of this 
section follows. 



3.4 Corollary. The space X is Hereditarily Indecomposable. 

Proof: It is clear by the choice of the sequences {yk} k =i, {y k } k =i m Proposition 3.3 that the 
functional ip = m ^ YZ=i vt belongs to L and that V(£k=i b k m 2jk 9 k y k ) = m2 \ +1 ■ It follows that 

n 1 
\\^b k m 2jk 6 k y k \\ > — • 

To conclude that X is Hereditarily Indecomposable it remains to show that, for every j > 100 and 
every block subspaces U and V of X, one can choose {y k } and {y^} satisfying the assumptions of 
Proposition 3.3 and such that y k G U if k is odd, y k G V if k is even. The proof of this is the same 
as that of Proposition 3.12 [3], so we omit it. □ 

Proof of Proposition 3.3. 

Our aim is to show that for every p G Ug^Bj, 



<f(^2 £ kbk0km 2: j k yk) 



< 
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ib=i 

The proof is given in several steps. We give a brief description: 
We consider separately three cases for tp: 

1st Case: w (y) = -L-. Then p has the form <p = —L-(Ey* ki _ 1 +y* ki +- ■ -+y* k2 +z* k2+1 + - •• z*) 

and for the part TO2 1 . +1 (2/fa + " ' " + J/fc 2 ) acting on $^ fc l fel ^kbk^k^jkVk we have an obvious conditional 
(i.e. depending on the signs) estimate. For the remainining part we get an unconditional estimate 
using Proposition 3.2 (Lemmas 3.5, 3.6). 

2nd Case: w(<p) < 1 - . Then we get an unconditional estimate for p(J2k=i £ kb k k m 2 j k y k ) 
directly, applying Proposition 3.2 (Lemma 3.7). 

3rd Case: w{ip) > m2 ■ We fix an analysis {K s (p)} of p. By Proposition 2.9 we get that 
there exist ip € co(K') and a block sequence u k — 527=1 b(k,i) u (k,i)i k — 1, • • • ,n of subconvex 
combinations of the basis with p>(YZ=i £ kb k 9 k m 2jk y k ) < i>(Ysk=i £ kb k k m 2jk u k ) + m2]+2 . However, 
since the estimate that we get in this way is unconditional, it is insufficient. So, we partition <p 
into two disjointly supported functionals <p\ and p 2l where ipi is the restriction of ip which contains 
in its analysis certain projections of the functionals of the form / = m2 . +i {Ey kl _ 1 + y kl + ■ ■ ■ + 

Vk 2 + z k 2 +i + ' ' ' z d) m ^K s (p). For pi(Y^k=i £ kb k 6km 2 j k yk) we give a conditional estimate (Lemma 
3.12(b)). To get an estimate for p 2 (J2l=i £ kb k k m 2jk y k ) we show that p 2 {Yl=i £ kb k k m 2jk y k ) is 
dominated by ip2(^2k=i £ kb k 9 k m 2 j k y k ) where ip 2 is the restriction of ip corresponding to p 2 (Lemma 
3.10). Then we estimate the action of ip 2 on ^2k=i £ kb k k m 2 j k y k (Lemma 3.11(a)). 

3.5 Lemma. Let {j k } k=1 and {y k } k=1 be as in Proposition 3.3. Suppose that 2j+l < t\ < . . . < t<i 
and let {z*}f =1 be such that z\ < . . . < z* A , z* G B 2ts and m2+1 (z* + . . . + z* d ) G B 2 j+i- Assume 
that for some k = 1, 2, . . . , n, j k ^ {t\, . . . , td}. Then, 

d 1 
\C^z* s ){m 20k y k )\ < — . 

s =l m 2 3 +2 
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Proof: Each y k is a { m i , 2jfc)-R.I.s.c.c. of the form yk — Ym=i b(k.i) x (k,i)- Let s\ < d be such that 



si = max{.s e {1, . . . , d} : i s < jk}- 
If s < si, by Proposition 3.2(; 

. . . < td and that the sequence {m^} is increasing sufficiently fast, we get 



If s < si, by Proposition 3.2(a) we get \z*(yk)\ < m2t 3 m 2 ■ an d so i using that 2j + 1 < t\ < 



«1 oo »1 1 1 

For every s > s\ + 1 set 

d 

D s = {i: suppx (AM) n suppz* = suppx (M) n supp ^ z t)- 

t=«i+i 

The sets D s are disjoint. Put J = {s > s\ + 1 : D s ^ 0} and 

d 

T= {r : 1 < r < n fe ,suppx (fc!r) Hsupp ^ z t ¥= 0}\ U sG / D s . 

i=si+l 

Then, 

d d 

(1) 1(^1 *£)(mOI ^E'^E h (k,r)X(k,r))\ + \ Z s(£2 b (k,r) X (k,r))\- 

It follows from Proposition 3.2(b) that for every s £ I, 

(2) \Z*{ V b { k,r)X(k,r))\ < 1" 26(fe, rs ), 

reft m ^ 

where r s — minD s . Since by the definition of D s we have that {maxsuppx(fc irs )} se / G M.2j+i, then 



( 3 ) E 5 (^)<-^- 

sei 

Since m2 1 +1 ( z * + • • • + z d) S &2j+i, as in Lemma 2.7(a) we have 
d 

(4) |( Yl Z 8)(52 b V>,r) X (k,r))\(X(k,r))\ < < 



3 



By (1), (2), (3), (4), using that jk < t Sl+ \, m, + i > to- and that 2 j + 2 < 2j\, we have that 



d 



( ** } l( E <)(W)I<16 E ^- + ^ + ^ 2m 2 'to 2 - 

Therefore, by (*) and (**), we get 

d 1 
lEOK»!/*)l < -5— ■ 



TO 2j+2 
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3.6 Lemma. Let j, {jfc}£ =1 , {yk}k=i> {j/fc}fe=i' {^}fc=i fl7 ^ { £ fc}fc=i &e as * n Proposition 3.3. For 
every <p £ B 2 j+i we have 

n 1 



Proo/: Let p = ^-^{Ey* kl + + . . . + y* k2 + z% 2+1 + ... + z*), where E = E s for some s and 

z fe 2 +i ^ ffe+i 1 

For k — 1, 2, . . . ,n we set = 9km 2 j k yk, hence y k {zk) = 1. Since is decreasing, 



fe 2 -i -, fe2-l 



(a) 



l<P( X! £ khz k )\ < ; — | E s k b k yl(z k )\ 

fe=fci+i m 2j+i k=ki+1 

1 fc2_1 1 
= 1 E £kh\ < b kl+1 , 



and 



(b) \<p(z kl )\ = -J—\Ey* kl {z kl )\ < -^—WzkA < 

m 2 j+i m 2j+i m 2j+i 

For Zk 2 we have 

WM\<-!—\yi 2 M\ + ^—\{ E 

If fc > fc 2 + 1, then zj* £ B 2tk where 2i fe = $(y l7 . . . ,2/£ , ... , z^-i)- Since $ is one to one, 2t k ^ 
®(Vi> ■ ■ • i2/fc 2 -i) = 2 ifo- Tnus > b y Lemma 3.5, 

—i E *i(^)i<— — J^<— , 

and so, 

(c) \v(z k2 )\<-?— ■ 

m 2j+1 

In a similar way, for z,t 2+ i we have 

69 



(d) W«fa+i)|<-^-K + iK+OI + r^-|( E *JE)(*fa+i)l< 

If fc < fci, then tp(zk) — 0. By Lemma 3.5, for k > k 2 + 1 we have 



(e) \<p(z k )\ = -^—\ e wi< — — ^<^- 

Putting (a), (b), (c), (d) and (e) together and using that, since J2°kyk is a (— ^ — , 2 j + l)-s.c.c, 
&fc < — r — , we get the result. 

m 2j + l 
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3.7 Lemma. Under the assumptions of Proposition 3.3, let ip G B r for r > 2j + 2. Then, 

™ 134 
\ipCy~e k b k e k m2j k yk)\ < • 

Proof: If 2 j + 1 < r < 2j\, it follows from Proposition 3.2(a). The case 2j ko < r < 2j ko +i follows 
from Proposition 3.2(a), (b), and the lacunarity of the sequence {mj}jl 1 . The case r > 2j n is 
similar. □ 

3.8 Proposition. Let j, {j k } k=1 , {Vk} k= i, {2/fc}fc=i> {^fe}fc=i. { e *Jfc=i be as in Proposition 3.3. For 
every <p G B r , r < 2 j + 1, we have 

" ^ 262 
\ ( pC^2£kb k dkm 2 j k yk)\ < 



The proof is based on Proposition 2.9. We first need to introduce new notation and establish several 
Lemmas. We have y k — X)T=i b (k,i) x (k.i) and the sequence {x/ k ^\,k — l,...n,i = l,...n k } is a 
R.I.S. w.r.t. L. By Proposition 2.9 there exist a functional ip G K' and blocks of the basis U( ki j, 
k = 1, . . . , n, i = 1, . . . , n k with ^ G .4^., suppu( fc]i ) c suppx( fc j), HwfcH^ < 16 and such that 

n n k n k n ^ 

\f(^2 £ kbk0km 2: j k C^2b {k , l) x ik ^))\ < ^7712^616(1,1) +'0(X! &fc6 ' fcTO 2j fc (^ & (fc^)' u (fc,o)) H 2 

fc=l i=l k=l i=l m 2j+ 2 



n fe n 1 

< b kO k m 2jk b (k,i)U(k,i))) + 



fc=l i=l m ^+ 2 

Recall that the construction of ip and w^j) is done via some analysis {K s (<p)} of ip and some 
restriction on the support of xi k ^ which we denote by xi k ^y Let {K s ((p)} be the analysis of ip 
which we use to construct ip. Let / G UK s (ip) be of the form / = m * {Ey kl + V kl+ \ + • • • + y"k 2 + 
z k 2 +i + • • • + z d)-> where E is an interval of integers {p,p + 1, . . .}. Put 

fc-f = min{i G {fci, . . . , fc 2 — 2} : suppi?y 4 * n supp^( t ^ 7^ for some i G {1, 2, . . . , n t }}. 

Set 

'/ = - — (2/fc/+2 + --- + yfe 2 ), 

TO2j+l 

while for the other functionals in UK s (ip) set If = 0. 
We set 

Pi = vlusupp// and ip2 = ip-ipi- 

Recall that, for / G U-?T S (<£>) which is a member of a family of type-I or type-II w.r.t. we 
have defined e/ = min{m : m G supp/ n supp3;( feji )}. Let 

P = L){F C Ui4r s ((^) : F is a family of type-I or typc-II w.r.t. some X(k,%)}- 
The functional ip is supported in the set {e/ : / G P}. We set 

= ^l{e /: /£P and /is in the analysis of V i} and V'2 = V' _ V'l- 

As in the previous section without loss of generality we assume that supp</? (~l suppx(i.i) 7^ 0. 
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3.9 Lemma, (a) For every f,g € UK s (<p) with f ^ g and If ^ 0, Ig ^ 0, we have supp// n 
supp/g = 0. 

(b) Let F = {/i, . . . ,/;} C UK s (ip) be a family of type-I or type-II w.r.t. Xi k ^y Suppose that 
for some p G {1, . . . , I}, supp/ p C suppi^i. Then, supp/ r C supp<pi for every r € {1, . . . , I}. 

(c) Let F = {/i, ...,/;} C LiK s (ip) be a family of type-I or type-II w.r.t. x^ k-i y Suppose that 
for some p=l,...,l, supp/ p % suppi^i. Then /p| S u PP¥ > 2 (%,i)) = / P (%,i))- 

(d) Let F = {/i, ...,fij C UK s (ip) be a family of type-I or type-II w.r.t. //supp/p % 
suppv?i for some p=l,...,l, then, for all r = 1, . . . ,1, / r | SU p PV2 = /r (%,»))• 

P™/: (a) Let / = ^(Ey* ki + ■ ■ ■ + yi 2 + z* k . 2+1 + • ■ ■ + and g = ^(Ey^ + ■ ■ ■ + y* t2 + 
z t 2 +i + ' ' ' + z ** 3 )- ^ SU PP/ f" 1 suppg ^ then either supp/ C suppg or suppg C supp/. Suppose that 
the first is true. Since suppyf C [minsuppj/;, maxsuppj/;], it is impossible to have supp/ C suppj/f 
for any t x < I < t 2 . It follows that supp/ C suppz t * for some t 2 + 1 < t < t 3 . This implies that 
supp// fl supp/g = 0. 

(b) Let F = {fi, . . . , /} be a family of type-I or type-II w.r.t. X(k,i) and suppose that supp/ p C 
supptpi for some p. If jfF = 1 there is nothing to prove. So assume that #F > 2. Let gp be the 
functional in UK s ((p) which contains F in its decomposition. Since f p G U/C s (<pi), we have that f p 

belongs to the analysis of // for some If = m2 . +1 (y k / +2 H y k2 ) • It follows that k' + 2 < k < k 2 

and f p belongs to the analysis of y k . We have to show that suppg^ C suppy^ or equivalently that gF 
does not coincide with /. If w(gp) = | then we get supp^F C suppy^, since w(f) < \. If w(gp) < \ 
then, since #F > 2, F is of type-I and again we get suppg^ C suppyj*, since U/ 6 ,psupp/ intersects 
only suppx (fcii ). 

(c) Suppose that supp/ p n supp/g ^ for some g = ^±^(Ey* ki + --- + y* k2 + z* k2+1 + ■ ■ ■ + e 
UK s (ip). Then either supp/ p C suppg strictly or suppg C supp/ p . In the first case we get that 
supp/p C suppyf for some k 9 + 2 < I < k 2 and so supp/ p C supp^i, a contradiction. In the case 
suppg C supp/ p , since supp.g PI suppa;( fe9 , 9 ) ^ for some g, we get by the definition of families of 
type I and type II w.r.t. X(k,i) that k < k 9 . So Ig = m2 . +1 (y k g +2 + ' ' ' + Vk 2 ) does not hitersect 
#(k,i). It follows that (f p - fp\ S uppi g )(x( k ,i)) = f P (x(k,i))- Since supp^i = UgSupp/g, we conclude 

that (fp\supptp 2 )i x (k,i)) — fp( x (k,i))- 

(d) It follows from (b) and (c). □ 

3.10 Lemma. For ip 2 we have 

n n k n n k ^ 

\f2(y2e k b k e k m 2jk Cy2b {ktt) x {ka) ))\ < ip 2 ( V b k k m 2jk ( V b {k ,i)U( k ,i))) H • 

k=i i=i fc=i i=i m2 J+ 2 

Proof: By Lemma 3.9(d) we have that (p 2 satisfies the assumptions of Remark 2.19(c). The proof 
follows from this Remark. □ 

3.11 Lemma. 

" 257 
(a) \<fi2C^2£kb k k m 2jk y k )\ < — , 

fc=l m 2j + ! 



(b) \ipi(}>2 £kb k k m 2jk y k )\ < — . 

fe=i m 2j"+! 
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Proof: (a) By Lemma 3.10 it suffices to estimate 

n n k 

b k°km 2jk b (k,i) u (k,i)))- 

fe=l i=l 

Recall that is of the form = J2 m eA (k i} a me mi where a m > and X)meA (fc °™ ^ 16 - 

Let {if s (?/>2)} be the corresponding analysis of if>2- For fc = 1, 2, . . . , n set 

£>i = {to G U"J 1J 4( feii ) : for all / G U S X S (V'2) such that to G supp/, io(/) > — !— }, 
Z?2 = {to G U^ 1 ^4(fe j) : there exists f G Usif 5 ^) such that m G supp/ and w{f) < — - — }, 

m 2j k 

£>3 = {m G U™^ 1 A( fe i) : to ^ L»2, there exists f G Usif 3 ^) with to G supp/, tu(/) = — 

m 2j k 

and there exists g G U s if s (?/>2) with supp/ C suppg strictly and w(g) < — - — }, 

m 2 j+2 

D\ = {m G Ug^yl^.i) : to ^ L>2, there exists / G U s K s (ip 2 ) with to G supp/, w(/) = — !— 

and for every g G Usi^?/^) with supp/ C suppg, > }. 

m 2 j+i 

Then, U^ =1 Z?^ = U"^ 1 supp« (fe;i ) n suppV>2- For every k, 

^2\ D *{bk0km 2jk (^b {kA u {ktl) )) < b k 8 k m 2jk W < — ?— , 



m2j fe+ l TO 2 j fc 



thus 



(i) Hu k D*(J2 bk6km2 ^J2 b (k,i) u (k,i))) < t^—- 

- — —- m 2jk m 2 j +2 



k 



Also, 



(2) Mu k D*(^bkOkrn 2jk (^b (kti) u (kti) )) <^b k 6 k -^— < 

k i k 2j '+ 2 2j '+ 2 

For k = 1,2, ... , n, IV^Id* \2j k -i — 1 ( see Notation after Lcmmma 2.2). So, by Lemma 2.4(b), 

^ 22 128 

^2 Id* ( b k0km 2jk (^2b(k,i)U(k,i))) < b k k m 2jk ^— < b k - 



2 Jk m 2jk 



Hence, 



^ ^ ^ 128 1 

(3) Hu k D^(J2 b k e k^2 jk (J2 b (k,i) u (k,i))) ^Y, bk ^— < ' 

k i k 2jk m 2j+2 
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For every k = 1, . . . , n, i = 1, . . . , n k and every m € suppu^j) ft Dj, there exists a unique func- 
tional /( fc .*<™) <= U SJ ftr s (^ 2 ) with m G supp/, to(/) = and such that, for all g G U SJ ftT s (^ 2 ) with 
supp/ C suppg strictly, w(g) > m ^ ■ By definition, for k =/= p and i = 1, . . . ,rifc, m G suppw( feii ), 
we have supp/^'*'™) n D% = 0. Also, if /(M.m) ^ /(^.n), then supp/^-*'™) n supp/< fe ' r '") = 0. 

For each k = 1, . . . , n, let {/ fe '*}Jii C Uif^) be a selection of mutually disjoint such functionals 
with D% = U^ 1 supp/ fc '*. For each such functional / fc '*, we set Hj* = supp/ fe '* and 

Then, 

(*) f k,t {b k 6 k m 2]k (^b {kA u {k ^)) < b k k a fk ,t. 

i 

Claim: Let £4 - U£ =1 £>i Then ^MEfc M^JE; ^ 

Proof of the claim: We shall define a functional g E K 1 with |<7|!y < 1 and blocks u k of the basis so 
that Hufcll^! < 16, suppufe C UiSuppu( fe i ) and 

ip2\D 4 (^2b k 9 k m 2 j k (Y^ &(k,i) u (JM))) < g(2^2b k 9 k u k ), 

k i k 

hence by Lemma 2.4(b) we shall have the result. 
For / = ^ Ep=i f P G UsK s (^ 2 \ Dl ) we set 

J = {1 < P < d : /p = / fe '* f° r some fc = 1 . . . , n, t = 1, . . . , r^}, 

r={l<_p<rf: there exists / fe '* with supp/*'* C supp/ p strictly}. 

For every / G U s K s (ip 2 \ D J such that JUT = we set g f = 0, while if JUT ^ wc shall define 
a functional gf with the following properties: 

Let Df = Up e juTSupp/p and u k = X]a/Me/M, where e^M = e minH fc. 
Then, 

(a) suppg/ C supp/. 

(b) 5/ G X' and w(g f ) > w(f), 

(c) /MEfcMfc^JEifyM^M))) < 9f{^Y.k h k0 k u k ). 

Let s > and suppose that have been defined for all / G yj s t zlK t {ip 2 \D i ) and let / = + - • • + 

/d) G K s (tp 2 \D 4 )\K s ~ 1 (tl; 2 \rj 4 ) where the family (f p )p =1 is .M^-admissible if q > 1, or ^'-allowable 
if </ = 1. We consider three cases: 

Case (i): — = ^— — for some fco, 1 < fco < n. Then / = / fe °'* for some i and we set gj — e*. fco>t . 
By (*) we get 

/(^^^(^^"(t,.))) = b ko ko m 2jk j(^2b {ko ^u {ko ^) < b ko e ko a fko , t 

k i i 

= b ka 6 k(i a fk a ,te* fka<t {e fk a ,t) = gf(b ko 9 ko u ka ). 



47 



Case (ii) : — > — - — . Then if J U T 7^ 0, set 



■9/ = ^-(E e l + E3/ P )- 

q peJ per 
For p G J, f p — f kp ' t for some (k p ,t) and by (* ), 

fp(^b k 6 k m 2jk (^b {kyl) u {ktl) )) < b kp 9 kp a fp e* fp (e fp ). 

k i 

For p£Twe obtain by the inductive hypothesis 

fp(^b k 6 k m 2jk (^b {k ^u {k ^)) < 2g fp (^2 b k O k u k ). 

k i k 

Therefore, 

f(^b k e k m 2]k (^2b {kA u {Kl) )) = — E /p(E 6fe6lfem2 «(E 6 (M u (M))) 



< 



m « peJur fe 



9f{^^2ib k e k u k ). 



Since suppg/ p C supp.f p , e/ p G supp/ p and J n T = 0, we have that the family {e*f p : p G J} U {<?/ p 
p G T} is - admissible if q > 1, or 5' - allowable if <? = 1, therefore G .4^. 

Case (iii): 



Suppose that f p G T. Then, by the definition of / fe >* and T, w(f p ) > TO2 +1 ■ On the other hand, 
recall (Remark 2.19(a)) that ^ is defined through 93, so that every functional in UK s (tp) has the 
same weight as the corresponding functional in UK s (ip). So, in this case, by the definition of L' 2 j +1 , 
we get that w(f p ) < m ^ 1 for every p. It follows that T = 0. 

Recalling also the definition of // and ■02, we get that in this case #J < 3. Let J = {pi,p 2 ,P3} 
and/ p , = /**■'*, A = 1,2, 3. Set <?/ = I(eJ pi +e} p3 ). By (*), / PA (£ fe M^^E, 6(*,i)«(fc,i))) 
<6fc x ^o /j(x ,A=l,2,3. Thus, 

3 

f\D f C^b k e k m 2jk C^b {Kt) u {kti) )) <^2b kx 9 kx a fpx 

k i A=l 

3 

A=l fe 

This completes the proof of the Claim. By the Claim and relations (1), (2), (3), statement (a) 
follows. 

(b) We have from Lemma 3.9(a) that for /, /' G U s K s (<p), f ± /', 
(**) supp// fl supp//' = 0. 
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For / with If ^ 0, let If = ^-^(y* + ■■■ + y* +q ). Since {b k } is decreasing, 
(***) \If(^2e k b k e k m 2 j k yk)\ < 

Set 



I\ = {If : there exists h G U s K s (ip) with supp/f C supp/i strictly and w{h) < — - — }, 
I 2 = {If : for every h G Li s K s ((p) with supp// C supp/i strictly, w(h) > — ^— }. 

Set also 

Ai = Uz/e/jSupp// and A 2 = U/ /e / 2 supp// 

Then, by (**) and (***), 

Wi\A 1 { S ^e k b k e k m 2jk yk)\ < — • 

fe m 2j+l 

For If £ I 2 , we set 

fc(/) = min{7 : y ; * is in the decomposition of //}, 
T = {k = l,...,n:k= k(f) for some If G I 2 } 
and, for fe = k(f) E T, l k ~ min(suppyfe n supp//). 

Using (**) and (* * *) we construct in a similar way as in part (a) a functional g G K', \g\ 2 j < 1 
such that 

\fi\A 2 (^2£kb k 9 k m 2jk y k )\ < g(^2 b k e h ). 

k keT 

Then by Lemma 2.4(b) we have the result. This completes the proof of the Lemma. Proposition 3.8 
follows. □ 

Proposition 3.3 follows from Lemmas 3.6, 3.7 and Proposition 3.8. 

3.12 Remark. The space X is reflexive. 

The proof of this is similar to the proof of Theorem 1.27. We need to prove that: (a) The basis 
(e„)„ is boundedly complete, (b) The basis (e„)„ is shrinking. The proof of (a) is exactly the same 
as that of Theorem 1.27(a). For (b) we also follow the proof of Theorem 1.27(b). We just need to 
notice that the norming set L of X satisfies the properties of the set K which are used in that proof. 
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